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Chapter 1

Introduction

CVODES [66] is part of a software family called SUNDIALS: SUite of Nonlinear and DIfferential/ALgebraic equation
Solvers [42]. This suite consists of CVODE, ARKODE, KINSOL, and IDA, and variants of these with sensitivity
analysis capabilities. CVODES is a solver for stiff and nonstiff initial value problems (IVPs) for systems of ordinary
differential equation (ODEs). In addition to solving stiff and nonstiff ODE systems, CVODES has sensitivity analysis
capabilities, using either the forward or the adjoint methods.

1.1 Historical Background

Fortran solvers for ODE initial value problems are widespread and heavily used. Two solvers that have been written at
LLNL in the past are VODE [15] and VODPK [18]. VODE is a general purpose solver that includes methods for both
stiff and nonstiff systems, and in the stiff case uses direct methods (full or banded) for the solution of the linear systems
that arise at each implicit step. Externally, VODE is very similar to the well known solver LSODE [59]. VODPK is a
variant of VODE that uses a preconditioned Krylov (iterative) method, namely GMRES, for the solution of the linear
systems. VODPK is a powerful tool for large stiff systems because it combines established methods for stiff integration,
nonlinear iteration, and Krylov (linear) iteration with a problem-specific treatment of the dominant source of stiffness,
in the form of the user-supplied preconditioner matrix [16]. The capabilities of both VODE and VODPK have been
combined in the C-language package CVODE [23].

At present, CVODE may utilize a variety of Krylov methods provided in SUNDIALS that can be used in conjunc-
tion with Newton iteration: these include the GMRES (Generalized Minimal RESidual) [64], FGMRES (Flexible
Generalized Minimum RESidual) [63], Bi-CGStab (Bi-Conjugate Gradient Stabilized) [72], TFQMR (Transpose-Free
Quasi-Minimal Residual) [33], and PCG (Preconditioned Conjugate Gradient) [37] linear iterative methods. As Krylov
methods, these require almost no matrix storage for solving the Newton equations as compared to direct methods. How-
ever, the algorithms allow for a user-supplied preconditioner matrix, and for most problems preconditioning is essential
for an efficient solution. For very large stiff ODE systems, the Krylov methods are preferable over direct linear solver
methods, and are often the only feasible choice. Among the Krylov methods in SUNDIALS, we recommend GMRES
as the best overall choice. However, users are encouraged to compare all options, especially if encountering conver-
gence failures with GMRES. Bi-CGStab and TFQMR have an advantage in storage requirements, in that the number
of workspace vectors they require is fixed, while that number for GMRES depends on the desired Krylov subspace
size. FGMRES has an advantage in that it is designed to support preconditioners that vary between iterations (e.g.,
iterative methods). PCG exhibits rapid convergence and minimal workspace vectors, but only works for symmetric
linear systems.

In the process of translating the VODE and VODPK algorithms into C, the overall CVODE organization has been
changed considerably. One key feature of the CVODE organization is that the linear system solvers comprise a layer
of code modules that is separated from the integration algorithm, allowing for easy modification and expansion of the
linear solver array. A second key feature is a separate module devoted to vector operations; this facilitated the extension
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to multiprosessor environments with minimal impacts on the rest of the solver, resulting in PVODE [20], the parallel
variant of CVODE.

CVODES is written with a functionality that is a superset of that of the pair CVODE/PVODE. Sensitivity analysis ca-
pabilities, both forward and adjoint, have been added to the main integrator. Enabling forward sensitivity computations
in CVODES will result in the code integrating the so-called sensitivity equations simultaneously with the original IVP,
yielding both the solution and its sensitivity with respect to parameters in the model. Adjoint sensitivity analysis, most
useful when the gradients of relatively few functionals of the solution with respect to many parameters are sought,
involves integration of the original IVP forward in time followed by the integration of the so-called adjoint equations
backward in time. CVODES provides the infrastructure needed to integrate any final-condition ODE dependent on the
solution of the original IVP (in particular the adjoint system).

Development of CVODES was concurrent with a redesign of the vector operations module across the SUNDIALS
suite. The key feature of the N_Vector module is that it is written in terms of abstract vector operations with the
actual vector functions attached by a particular implementation (such as serial or parallel) of N_Vector. This allows
writing the SUNDIALS solvers in a manner independent of the actual N_Vector implementation (which can be user-
supplied), as well as allowing more than one N_Vector module to be linked into an executable file. SUNDIALS
(and thus CVODES) is supplied with serial, MPI-parallel, and both OpenMP and Pthreads thread-parallel N_Vector
implementations.

There were several motivations for choosing the C language for CVODE, and later for CVODES. First, a general
movement away from Fortran and toward C in scientific computing was apparent. Second, the pointer, structure, and
dynamic memory allocation features in C are extremely useful in software of this complexity. Finally, we prefer C
over C++ for CVODES because of the wider availability of C compilers, the potentially greater efficiency of C, and the
greater ease of interfacing the solver to applications written in extended Fortran.

1.2 Changes to SUNDIALS in release 7.8.0

New Features and Enhancements

We added a new SUNNonlinearSolver implementation, SUNNonlinearSolver_Auto, which uses an algorithm described
in [57] to switch between a modified Newton iteration and fixed-point iteration based on an estimate of stiffness. This
solver may be useful to pair with the BDF method in CVODE/CVODES, or with DIRK methods in ARKODE, for
users who are unsure about the stiffness of their problem. See the module documentation for more information. We
also extended the SUNNonlinearSolver API with callback setters SUNNonlinSolSetNormFn(), SUNNonlinSolSet-
GetUpdateNormFn(), and SUNNonlinSolSetGetConvRateFn().

Added the ARKODE_SSP_ERK_3_1_2, ARKODE_SSP_ERK_4_1_2, ARKODE_SSP_ERK_4_2_3, ARKODE_SSP_ERK_-

10_3_4, ARKODE_SSP_LSPUM_ERK_3_1_2, and ARKODE_ASCHER_ERK_3_1_2 embedded explicit Runge-Kutta
Butcher tables.

Added the ARKODE_SSP_DIRK_3_1_2, ARKODE_SSP_LSPUM_SDIRK_3_1_2, ARKODE_ESDIRK_4_2_3, and
ARKODE_ASCHER_SDIRK_3_1_2 embedded diagonally implicit Runge-Kutta Butcher tables.

Of these, embedded additive Runge-Kutta methods may be formed using ARKODE_SSP_ERK_3_1_2 + ARKODE_SSP_-
DIRK_3_1_2, ARKODE_SSP_ERK_4_2_3 + ARKODE_ESDIRK_4_2_3, ARKODE_SSP_LSPUM_ERK_3_1_2 + ARKODE_-

SSP_LSPUM_SDIRK_3_1_2, and ARKODE_ASCHER_ERK_3_1_2 + ARKODE_ASCHER_SDIRK_3_1_2.

Added the ARKODE_IMEX_MRI_GARK_ASCHER_ARK2 and ARKODE_IMEX_MRI_GARK_ARK2 embedded implicit-explicit
MRI-GARK coupling tables.

When info or debug logging is enabled, i.e., SUNDIALS_LOGGING_LEVEL is at least 3, it will now print to stdout by
default. Previously, the default was to produce no output, and this behavior can be restored by setting the environment
variables SUNLOGGER_INFO_FILENAME and SUNLOGGER_DEBUG_FILENAME to an empty string.

Improved the performance of logging when enabled but no file pointer was set.

4 Chapter 1. Introduction
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Added the function SUNLogger_SetQueueAndFlushMsgFns () to allow for user-defined functions to queue and flush
log messages.

Updated examples/cvode/petsc/cv_petsc_ex7.c to support PETSc 3.25.0.
Bug Fixes

Fixed a bug where an unrecognized error return flag from a user-provided SUNLinearSolver module would register as
a successful linear solve.

Fixed a bug that caused SUNDomEigEstimator_Initialize() to overwrite the user-provided initial guess from SUN-
DomEigEstimator_SetInitialGuess(). These routines are now order-independent.

Fixed memory leaks in CVODES, IDAS, and KINSOL in the unlikely event of a failed malloc.

Fixed a bug in ERKStep where calling ARKodeResize () before ARKodeEvolve () or ARKodeInit () would result in
a segmentation fault.

Fixed a bug where the number of required stages for STS methods in the LSRKStep module was incorrectly computed
using the spectral radius instead of the real part of the Jacobian eigenvalues.

Fixed a bug where the negative real extent of the stability region for the RKC method was not being properly computed,
which could result in an underestimation of the number of stages required for stability.

Fixed a bug where STS methods were limited to one fewer than the maximum allowed number of stages. STS can now
use the full maximum number of stages.

Fixed a bug in reporting the maximum number of stages in ARKodeGetStageIndex () when running SSP methods in
LSRKStep.

Fixed a bug where IDAS would incorrectly compute the quadrature predictor when IDACalcIC() was used. In some
cases, this lead to an inconsistent solution in the forward solve compared to the forward recomputation from a check-
point, ultimately causing a segfault.

Fixed a bug in the sundials4py wrappers for user-provided SUNStepper evolve and one_step functions.

Fixed a bug in sundials4py where the CVodeGetRootInfo(), ARKodeGetRootInfo(), and IDAGetRootInfo()
functions did not correctly return the rootsfound array. This addresses Issue #937.

Removed duplicate logging output that would cause the Python logging tools to fail with a repeated key error.

Fixed a CMake issue that prevented finding third-party libraries installed in default search locations e.g., paths included
in CMAKE_INSTALL_PREFIX (Issue #935).

Fixed a CMake issue that prevented automatically finding PETSc dependencies.

Fixed empty elseif () cases in the CMake files for the Fortran interfaces to the ManyVector and MPIPlusX vectors
which could results in a missing include path when compiling if an MPI compiler wrapper is not found.

Fixed a CMake bug where Fortran modules were not created for LSRKStep, ForcingStep, and SplittingStep.

Corrected the version number used in version added, changed, and deprecated notes in the documentation to always
use the SUNDIALS version number with the package version number as a parenthetical note when it differs from the
SUNDIALS version number.

For changes in prior versions of SUNDIALS see §17.

1.3 Reading this User Guide

This user guide is a combination of general usage instructions. Specific example programs are provided as a separate
document. We expect that some readers will want to concentrate on the general instructions, while others will refer
mostly to the examples, and the organization is intended to accommodate both styles.
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There are different possible levels of usage of CVODES. The most casual user, with a small IVP problem only, can
get by with reading §2.1, then Chapter §5.1 up to §5.2 only, and looking at examples in [67]. In addition, to solve a
forward sensitivity problem the user should read §2.7, followed by Chapter §5.3 and look at examples in [67].

In a different direction, a more expert user with an IVP problem may want to (a) use a package preconditioner (§5.2.7),
(b) supply his/her own Jacobian or preconditioner routines (§5.1.4), (c) do multiple runs of problems of the same
size (CVodeReInit()), (d) supply a new N_Vector module (§6), or even (e) supply new SUNLinearSolver and/or
SUNMatrix modules (Chapters §7 and §8). An advanced user with a forward sensitivity problem may also want to
(a) provide his/her own sensitivity equations right-hand side routine §5.3.3, (b) perform multiple runs with the same
number of sensitivity parameters (§5.3.2.1, or (c) extract additional diagnostic information (§5.3.2.7). A user with
an adjoint sensitivity problem needs to understand the IVP solution approach at the desired level and also go through
§2.8 for a short mathematical description of the adjoint approach, Chapter §5.4 for the usage of the adjoint module in
CVODES, and the examples in [67].

The structure of this document is as follows:

 In Chapter §2, we give short descriptions of the numerical methods implemented by CVODES for the solution
of initial value problems for systems of ODEs, continue with short descriptions of preconditioning §2.3, stability
limit detection (§2.4), and rootfinding (§2.5), and conclude with an overview of the mathematical aspects of
sensitivity analysis, both forward (§2.7) and adjoint (§2.8).

» The following chapter describes the software organization of the CVODES solver (§3).

e Chapter §5.1 is the main usage document for CVODES for simulation applications. It includes a complete
description of the user interface for the integration of ODE initial value problems. Readers that are not interested
in using CVODES for sensitivity analysis can then skip the next two chapters.

» Chapter §5.3 describes the usage of CVODES for forward sensitivity analysis as an extension of its IVP integra-
tion capabilities. We begin with a skeleton of the user main program, with emphasis on the steps that are required
in addition to those already described in Chapter §5.1. Following that we provide detailed descriptions of the
user-callable interface routines specific to forward sensitivity analysis and of the additional optional user-defined
routines.

» Chapter §5.4 describes the usage of CVODES for adjoint sensitivity analysis. We begin by describing the
CVODES checkpointing implementation for interpolation of the original IVP solution during integration of the
adjoint system backward in time, and with an overview of a user’s main program. Following that we provide com-
plete descriptions of the user-callable interface routines for adjoint sensitivity analysis as well as descriptions of
the required additional user-defined routines.

» Chapter §6 gives a brief overview of the generic N_Vector module shared among the various components of
SUNDIALS, and details on the N_Vector implementations provided with SUNDIALS.

» Chapter §7 gives a brief overview of the generic SUNMatrix module shared among the various components of
SUNDIALS, and details on the SUNMatrix implementations provided with SUNDIALS: a dense implementation
(§7.3), a banded implementation (§7.6) and a sparse implementation (§7.8).

¢ Chapter §8 gives a brief overview of the generic SUNLinearSolver module shared among the various compo-
nents of SUNDIALS. This chapter contains details on the SUNLinearSolver implementations provided with
SUNDIALS. The chapter also contains details on the SUNLinearSolver implementations provided with SUN-
DIALS that interface with external linear solver libraries.

* Finally, in the appendices, we provide detailed instructions for the installation of CVODES, within the structure
of SUNDIALS (Appendix §11), as well as a list of all the constants used for input to and output from CVODES
functions (Appendix §12).

Finally, the reader should be aware of the following notational conventions in this user guide: program listings and
identifiers (such as CVodeInit) within textual explanations appear in typewriter type style; fields in C structures (such
as content) appear in italics; and packages or modules, such as CVDLS, are written in all capitals.
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Warning

Usage and installation instructions that constitute important warnings are marked in yellow boxes like this one.

1.4 SUNDIALS License and Notices

All SUNDIALS packages are released open source, under the BSD 3-Clause license. The only requirements of the
license are preservation of copyright and a standard disclaimer of liability. The full text of the license and an additional
notice are provided below and may also be found in the LICENSE and NOTICE files provided with all SUNDIALS
packages.

Note

If you are using SUNDIALS with any third party libraries linked in (e.g., LAPACK, KLU, SuperLU_MT, PETSc,
or hypre), be sure to review the respective license of the package as that license may have more restrictive terms
than the SUNDIALS license. For example, if someone builds SUNDIALS with a statically linked KLU, the build is
subject to terms of the more-restrictive LGPL license (which is what KLU is released with) and not the SUNDIALS
BSD license anymore.

1.4.1 BSD 3-Clause License

Copyright (c) 2025, Lawrence Livermore National Security, University of Maryland Baltimore County, and the SUN-
DIALS contributors. Copyright (c) 2013-2025, Lawrence Livermore National Security and Southern Methodist Uni-
versity. Copyright (c) 2002-2013, Lawrence Livermore National Security. All rights reserved.

Redistribution and use in source and binary forms, with or without modification, are permitted provided that the fol-
lowing conditions are met:

 Redistributions of source code must retain the above copyright notice, this list of conditions and the following
disclaimer.

* Redistributions in binary form must reproduce the above copyright notice, this list of conditions and the following
disclaimer in the documentation and/or other materials provided with the distribution.

 Neither the name of the copyright holder nor the names of its contributors may be used to endorse or promote
products derived from this software without specific prior written permission.

THIS SOFTWARE IS PROVIDED BY THE COPYRIGHT HOLDERS AND CONTRIBUTORS “AS IS” AND ANY
EXPRESS OR IMPLIED WARRANTIES, INCLUDING, BUT NOT LIMITED TO, THE IMPLIED WARRANTIES
OF MERCHANTABILITY AND FITNESS FOR A PARTICULAR PURPOSE ARE DISCLAIMED. IN NO EVENT
SHALL THE COPYRIGHT HOLDER OR CONTRIBUTORS BE LIABLE FOR ANY DIRECT, INDIRECT, IN-
CIDENTAL, SPECIAL, EXEMPLARY, OR CONSEQUENTIAL DAMAGES (INCLUDING, BUT NOT LIMITED
TO, PROCUREMENT OF SUBSTITUTE GOODS OR SERVICES; LOSS OF USE, DATA, OR PROFITS; OR BUSI-
NESS INTERRUPTION) HOWEVER CAUSED AND ON ANY THEORY OF LIABILITY, WHETHER IN CON-
TRACT, STRICT LIABILITY, OR TORT (INCLUDING NEGLIGENCE OR OTHERWISE) ARISING IN ANY WAY
OUT OF THE USE OF THIS SOFTWARE, EVEN IF ADVISED OF THE POSSIBILITY OF SUCH DAMAGE.

1.4. SUNDIALS License and Notices 7
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1.4.2 Additional Notice
This work was produced under the auspices of the U.S. Department of Energy by Lawrence Livermore National Lab-
oratory under Contract DE-AC52-07NA27344.

This work was prepared as an account of work sponsored by an agency of the United States Government. Neither
the United States Government nor Lawrence Livermore National Security, LLC, nor any of their employees makes
any warranty, expressed or implied, or assumes any legal liability or responsibility for the accuracy, completeness, or
usefulness of any information, apparatus, product, or process disclosed, or represents that its use would not infringe
privately owned rights.

Reference herein to any specific commercial product, process, or service by trade name, trademark, manufacturer, or
otherwise does not necessarily constitute or imply its endorsement, recommendation, or favoring by the United States
Government or Lawrence Livermore National Security, LLC.

The views and opinions of authors expressed herein do not necessarily state or reflect those of the United States Gov-
ernment or Lawrence Livermore National Security, LLC, and shall not be used for advertising or product endorsement
purposes.

1.4.3 SUNDIALS Release Numbers

LLNL-CODE-667205 (ARKODE)
UCRL-CODE-155951 (CVODE)
UCRL-CODE-155950 (CVODES)
UCRL-CODE-155952 (IDA)
UCRL-CODE-237203 (IDAS)
LLNL-CODE-665877 (KINSOL)
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Chapter 2

Mathematical Considerations

CVODES solves ODE initial value problems (IVPs) in real /V-space, which we write in the abstract form

y=f(t,y), ylto) =1yo (2.1

where y € R¥ and f : R x RY — R¥. Here we use ¢ to denote dy/dt. While we use ¢ to denote the independent
variable, and usually this is time, it certainly need not be. CVODES solves both stiff and nonstiff systems. Roughly
speaking, stiffness is characterized by the presence of at least one rapidly damped mode, whose time constant is small
compared to the time scale of the solution itself.

For problems (2.1) where the analytical solution y(¢) satisfies an implicit constraint g(¢,y) = 0 (including the initial
condition, g(to, yo) = 0) for g(¢,y) : R x RN — RM with M < N, CVODES may be configured to explicitly enforce
these constraints via solving the modified problem

) = ta ) tg) = )
y=fty), ylto) =0 2.2)
0=g(t,y).
Additionally, if (2.1) depends on some parameters p € RN ? ie.
! = t7 )
y=f(ty, p) 23)

y(to) = vo(p),

CVODES can also compute first order derivative information, performing either forward sensitivity analysis or adjoint
sensitivity analysis. In the first case, CVODES computes the sensitivities of the solution with respect to the parameters
p, while in the second case, CVODES computes the gradient of a derived function with respect to the parameters p.

2.1 IVP solution

The methods used in CVODES are variable-order, variable-step multistep methods, based on formulas of the form
K Ko
> iy by Bui" T =0, 24)
i=0 i=0

Here the y™ are computed approximations to y(¢,,), and h,, = t,, — t,,_1 is the step size. The user of CVODES must
choose appropriately one of two multistep methods. For nonstiff problems, CVODES includes the Adams-Moulton
formulas, characterized by K; = 1 and K5 = g—1 above, where the order ¢ varies between 1 and 12. For stiff problems,
CVODES includes the Backward Differentiation Formulas (BDF) in so-called fixed-leading coefficient (FLC) form,
given by K1 = q and Ky = 0, with order ¢ varying between 1 and 5. The coefficients are uniquely determined by the
method type, its order, the recent history of the step sizes, and the normalization «,, o = —1. See [19] and [45].




User Documentation for CVODES, v7.8.0

For either choice of formula, a nonlinear system must be solved (approximately) at each integration step. This nonlinear
system can be formulated as either a rootfinding problem

Fy")=y" = hnBnof(tn,y") —an =0, (2.5)

or as a fixed-point problem
G(") = haBrof(tn, y") +an =y". (2.6)

where a, = >, (¥ " + B Bn " 0).

In the process of controlling errors at various levels, CVODES uses a weighted root-mean-square norm, denoted | -
|wrwms, for all error-like quantities. The multiplicative weights used are based on the current solution and on the relative
and absolute tolerances input by the user, namely

W; = 1/[rtol - |y;| + atol;] . 2.7

Because 1/, represents a tolerance in the component y;, a vector whose norm is 1 is regarded as “small.” For brevity,
we will usually drop the subscript WRMS on norms in what follows.

2.1.1 Nonlinear Solve

CVODES provides several nonlinear solver choices as well as the option of using a user-defined nonlinear solver (see
§9). By default CVODES solves (2.5) with a Newton iteration which requires the solution of linear systems

M[yn(m-&-l) _ yn(m)] — _F(yn('m)) (2.8)

in which
M~I—~J, J=0f/0y, and ~v=h,0ho- 2.9)

The exact variation of the Newton iteration depends on the choice of linear solver and is discussed below and in §9.3.
For nonstiff systems, a fixed-point iteration (previously referred to as a functional iteration in this guide) solving (2.6)
is also available. This involves evaluations of f only and can (optionally) use Anderson’s method [10, 31, 55, 73]
to accelerate convergence (see §9.4 for more details). For any nonlinear solver, the initial guess for the iteration is a
predicted value y™(°) computed explicitly from the available history data.

For nonlinear solvers that require the solution of the linear system (2.8) (e.g., the default Newton iteration), CVODES
provides several linear solver choices, including the option of a user-supplied linear solver module (see §8). The linear
solver modules distributed with SUNDIALS are organized in two families, a direct family comprising direct linear
solvers for dense, banded, or sparse matrices, and a spils family comprising scaled preconditioned iterative (Krylov)
linear solvers. The methods offered through these modules are as follows:

 dense direct solvers, including an internal implementation, an interface to BLAS/LAPACK, an interface to
MAGMA [69] and an interface to the oneMKL library [3],

* band direct solvers, including an internal implementation or an interface to BLAS/LAPACK,

* sparse direct solver interfaces to various libraries, including KLU [4, 24], SuperLU_MT [9, 26, 52], SuperLU_-
Dist [8, 36, 53, 54], and cuSPARSE [7],

* SPGMR, a scaled preconditioned GMRES (Generalized Minimal Residual method) solver,

* SPFGMR, a scaled preconditioned FGMRES (Flexible Generalized Minimal Residual method) solver,

* SPBCQG, a scaled preconditioned Bi-CGStab (Bi-Conjugate Gradient Stable method) solver,

* SPTFQMR, a scaled preconditioned TFQMR (Transpose-Free Quasi-Minimal Residual method) solver, or
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* PCQG, a scaled preconditioned CG (Conjugate Gradient method) solver.

For large stiff systems, where direct methods are often not feasible, the combination of a BDF integrator and a precon-
ditioned Krylov method yields a powerful tool because it combines established methods for stiff integration, nonlinear
iteration, and Krylov (linear) iteration with a problem-specific treatment of the dominant source of stiffness, in the form
of the user-supplied preconditioner matrix [16].

In addition, CVODES also provides a linear solver module which only uses a diagonal approximation of the Jacobian
matrix.

In the case of a matrix-based linear solver, the default Newton iteration is a Modified Newton iteration, in that the
iteration matrix M is fixed throughout the nonlinear iterations. However, in the case that a matrix-free iterative linear
solver is used, the default Newton iteration is an Inexact Newton iteration, in which M is applied in a matrix-free
manner, with matrix-vector products Jv obtained by either difference quotients or a user-supplied routine. With the
default Newton iteration, the matrix M and preconditioner matrix P are updated as infrequently as possible to balance
the high costs of matrix operations against other costs. Specifically, this matrix update occurs when:

e starting the problem,

* more than 20 steps have been taken since the last update,

* the value 7 of ~ at the last update satisfies |v/5 — 1| > 0.3,
 anon-fatal convergence failure just occurred, or

* an error test failure just occurred.

When an update of M or P occurs, it may or may not involve a reevaluation of J (in M) or of Jacobian data (in P),
depending on whether Jacobian error was the likely cause of the update. Reevaluating J (or instructing the user to
update Jacobian data in P) occurs when:

e starting the problem,
» more than 50 steps have been taken since the last evaluation,

* aconvergence failure occurred with an outdated matrix, and the value 7 of -y at the last update satisfies |y/7—1| <
0.2, or

* a convergence failure occurred that forced a step size reduction.

The default stopping test for nonlinear solver iterations is related to the subsequent local error test, with the goal of
keeping the nonlinear iteration errors from interfering with local error control. As described below, the final computed
value y"("™) will have to satisfy a local error test ||y™("™) —™(0)|| < €. Letting 4" denote the exact solution of (2.5), we
want to ensure that the iteration error y™ — y™(") is small relative to e, specifically that it is less than 0.1¢. (The safety
factor 0.1 can be changed by the user.) For this, we also estimate the linear convergence rate constant R as follows. We
initialize R to 1, and reset R = 1 when M or P is updated. After computing a correction d,,, = 3™("™) — 4*(m=1) e
update Rif m > 1 as

R = max{0.3R, [[0m]|/[|om—1]}-
Now we use the estimate
L R o e R e T (S 1 [
Therefore the convergence (stopping) test is
R|[6m|| < 0.1€.

We allow at most 3 iterations (but this limit can be changed by the user). We also declare the iteration diverged if any
10 I/ 10m—1]] > 2 with m > 1. If convergence fails with JJ or P current, we are forced to reduce the step size, and
we replace h,, by h, = n¢t * hy, where the default is 7. = 0.25. The integration is halted after a preset number of
convergence failures; the default value of this limit is 10, but this can be changed by the user.

2.1. IVP solution 11
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When an iterative method is used to solve the linear system, its errors must also be controlled, and this also involves
the local error test constant. The linear iteration error in the solution vector §,, is approximated by the preconditioned
residual vector. Thus to ensure (or attempt to ensure) that the linear iteration errors do not interfere with the nonlinear
error and local integration error controls, we require that the norm of the preconditioned residual be less than 0.05 -
(0.1e).

When the Jacobian is stored using either the SUNMATRIX _DENSE or SUNMATRIX_BAND matrix objects, the Jaco-
bian may be supplied by a user routine, or approximated by difference quotients, at the user’s option. In the latter case,
we use the usual approximation

Jij = [fi(t,y +oje5) — fi(t,y)]/o; .

The increments o; are given by

oj = max{\/ﬁ |yj|aUO/Wj} ;

where U is the unit roundoff, og is a dimensionless value, and W is the error weight defined in (2.7). In the dense case,
this scheme requires IV evaluations of f, one for each column of J. In the band case, the columns of J are computed
in groups, by the Curtis-Powell-Reid algorithm, with the number of f evaluations equal to the bandwidth.

‘We note that with sparse and user-supplied SUNMatrix objects, the Jacobian must be supplied by a user routine.

In the case of a Krylov method, preconditioning may be used on the left, on the right, or both, with user-supplied
routines for the preconditioning setup and solve operations, and optionally also for the required matrix-vector products
Ju. If a routine for Jv is not supplied, these products are computed as

Ju=[f(t,y +ov)— f(t,y)]/o. (2.10)

The increment o is 1/||v||, so that ov has norm 1.

2.1.2 Local Error Test

A critical part of CVODES — making it an ODE “solver” rather than just an ODE method, is its control of local
error. Atevery step, the local error is estimated and required to satisfy tolerance conditions, and the step is redone with
reduced step size whenever that error test fails. As with any linear multistep method, the local truncation error LTE, at
order g and step size h, satisfies an asymptotic relation

LTE = Chq+1y(q+1) + O(hq+2)

for some constant C, under mild assumptions on the step sizes. A similar relation holds for the error in the predictor
4™ These are combined to get a relation

LTE = C'[y" — y™ 9] + O(h7*?).

The local error test is simply |[LTE| < 1. Using the above, it is performed on the predictor-corrector difference A,, =
") — n(0) (with y™(") the final iterate computed), and takes the form

1An]l < e=1/1C".

2.1.3 Step Size and Order Selection

If the local error test passes, the step is considered successful. If it fails, the step is rejected and a new step size h' is
computed based on the asymptotic behavior of the local error, namely by the equation

(B /R)T [ Al = €/6.
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Here 1/6 is a safety factor. A new attempt at the step is made, and the error test repeated. If it fails three times, the
order q is reset to 1 (if ¢ > 1), or the step is restarted from scratch (if ¢ = 1). The ratio n = h’/h is limited above
t0 Mmax_ef (default 0.2) after two error test failures, and limited below to 1,y _of (default 0.1) after three. After seven
failures, CVODES returns to the user with a give-up message.

In addition to adjusting the step size to meet the local error test, CVODES periodically adjusts the order, with the goal
of maximizing the step size. The integration starts out at order 1 and varies the order dynamically after that. The basic
idea is to pick the order ¢ for which a polynomial of order ¢ best fits the discrete data involved in the multistep method.
However, if either a convergence failure or an error test failure occurred on the step just completed, no change in step
size or order is done. At the current order g, selecting a new step size is done exactly as when the error test fails, giving
a tentative step size ratio

W b= (e/6l|An ) D =,

We consider changing order only after taking ¢ + 1 steps at order ¢, and then we consider only orders ¢ = g — 1 (if
g > 1 orq = q+1(if ¢ < 5). The local truncation error at order ¢’ is estimated using the history data. Then a
tentative step size ratio is computed on the basis that this error, LTE(q’), behaves asymptotically as h?'+1. With safety
factors of 1/6 and 1/10 respectively, these ratios are:

W' /h = [1/6||LTE(q — 1)[|]"/* = g
and
R /h = [1/10||LTE(g + D[]V = g .
The new order and step size are then set according to

n= max{nq_h??qa 77q+1} J

with ¢’ set to the index achieving the above maximum. However, if we find that 1 < 7max_fx (default 1.5), we do not
bother with the change. Also, 7 is always limited to 7iax_gs (default 10), except on the first step, when it is limited to
Tmax_fs = 104

The various algorithmic features of CVODES described above, as inherited from VODE and VODPK, are documented
in [15, 18, 41]. They are also summarized in [42].

Normally, CVODES takes steps until a user-defined output value ¢ = ¢, is overtaken, and then it computes y(tq,) by
interpolation. However, a “one step”” mode option is available, where control returns to the calling program after each
step. There are also options to force CVODES not to integrate past a given stopping point ¢ = #op.

2.1.4 Inequality Constraints

CVODES permits the user to impose optional inequality constraints on individual components of the solution vector
y. Any of the following four constraints can be imposed: y; > 0, y; < 0, y; > 0, or y; < 0. The constraint satisfaction
is tested after a successful nonlinear system solution. If any constraint fails, we declare a convergence failure of the
Newton iteration and reduce the step size. Rather than cutting the step size by some arbitrary factor, CVODES estimates
anew step size h’ using a linear approximation of the components in y that failed the constraint test (including a safety
factor of 0.9 to cover the strict inequality case). If a step fails to satisfy the constraints repeatedly within a step attempt
or fails with the minimum step size then the integration is halted and an error is returned. In this case the user may
need to employ other strategies as discussed in §5.1.3.2 to satisfy the inequality constraints.

2.2 IVPs with constraints

For IVPs whose analytical solutions implicitly satisfy constraints as in (2.2), CVODES ensures that the solution satisfies
the constraint equation by projecting a successfully computed time step onto the invariant manifold. As discussed in

2.2. IVPs with constraints 13
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[30] and [68], this approach reduces the error in the solution and retains the order of convergence of the numerical
method. Therefore, in an attempt to advance the solution to a new point in time (i.e., taking a new integration step),
CVODES performs the following operations:

1. predict solution
2. solve nonlinear system and correct solution
3. project solution

4. test error

5. select order and step size for next step

and includes several recovery attempts in case there are convergence failures (or difficulties) in the nonlinear solver or
in the projection step, or if the solution fails to satisfy the error test. Note that at this time projection is only supported
with BDF methods and the projection function must be user-defined. See §5.1.3.8 and CVodeSetProjFn() for more
information on providing a projection function to CVODE.

When using a coordinate projection method the solution y,, is obtained by projecting (orthogonally or otherwise) the
solution g, from step 2 above onto the manifold given by the constraint. As such y,, is computed as the solution of the
nonlinear constrained least squares problem

minimize  ||yn — G| (2.11)
subjectto  g(tn,yn) = 0. '

The solution of (2.11) can be computed iteratively with a Newton method. Given an initial guess y%o) the iterations are
computed as

i =y + oy
where the increment 5y£f) is the solution of the least-norm problem

minimize  ||0y{|

o . (2.12)
subjectto  G(ty, y)) 6y = —g(ty, y)

where G(t,y) = dg(t,y)/0y.

If the projected solution satisfies the error test then the step is accepted and the correction to the unprojected solution,
Ap, = Yn, — Un, is used to update the Nordsieck history array for the next step.

2.3 Preconditioning

When using a nonlinear solver that requires the solution of the linear system, e.g., the default Newton iteration (§9.3),
CVODES makes repeated use of a linear solver to solve linear systems of the form Mx = —r, where x is a correction
vector and r is a residual vector. If this linear system solve is done with one of the scaled preconditioned iterative linear
solvers supplied with SUNDIALS, these solvers are rarely successful if used without preconditioning; it is generally
necessary to precondition the system in order to obtain acceptable efficiency. A system Ax = b can be preconditioned
on the left, as (P~*A)z = P~'b; on the right, as (AP~!) Pz = b; or on both sides, as (P; ' APy ') Prz = P; 'b.
The Krylov method is then applied to a system with the matrix P~' A, or AP~!, or P} 1AP§ ! instead of A. In order
to improve the convergence of the Krylov iteration, the preconditioner matrix P, or the product Pr, Pg in the last case,
should in some sense approximate the system matrix A. Yet at the same time, in order to be cost-effective, the matrix
P, or matrices P, and Pg, should be reasonably efficient to evaluate and solve. Finding a good point in this tradeoff
between rapid convergence and low cost can be very difficult. Good choices are often problem-dependent (for example,
see [16] for an extensive study of preconditioners for reaction-transport systems).
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Most of the iterative linear solvers supplied with SUNDIALS allow for preconditioning either side, or on both sides,
although we know of no situation where preconditioning on both sides is clearly superior to preconditioning on one side
only (with the product Py, Pr). Moreover, for a given preconditioner matrix, the merits of left vs. right preconditioning
are unclear in general, and the user should experiment with both choices. Performance will differ because the inverse
of the left preconditioner is included in the linear system residual whose norm is being tested in the Krylov algorithm.
As a rule, however, if the preconditioner is the product of two matrices, we recommend that preconditioning be done
either on the left only or the right only, rather than using one factor on each side.

Typical preconditioners used with CVODES are based on approximations to the system Jacobian, J = 9 /0dy. Since
the matrix involved is M = I —-.J, any approximation .J to .J yields a matrix that is of potential use as a preconditioner,
namely P = I — ~J. Because the Krylov iteration occurs within a nonlinear solver iteration and further also within
a time integration, and since each of these iterations has its own test for convergence, the preconditioner may use a
very crude approximation, as long as it captures the dominant numerical feature(s) of the system. We have found that
the combination of a preconditioner with the Newton-Krylov iteration, using even a fairly poor approximation to the
Jacobian, can be surprisingly superior to using the same matrix without Krylov acceleration (i.e., a modified Newton
iteration), as well as to using the Newton-Krylov method with no preconditioning.

2.4 BDF stability limit detection

CVODES includes an algorithm, STALD (STAbility Limit Detection), which provides protection against potentially
unstable behavior of the BDF multistep integration methods in certain situations, as described below.

When the BDF option is selected, CVODES uses Backward Differentiation Formula methods of orders 1 to 5. At order
1 or 2, the BDF method is A-stable, meaning that for any complex constant A in the open left half-plane, the method
is unconditionally stable (for any step size) for the standard scalar model problem §y = Ay. For an ODE system, this
means that, roughly speaking, as long as all modes in the system are stable, the method is also stable for any choice of
step size, at least in the sense of a local linear stability analysis.

At orders 3 to 5, the BDF methods are not A-stable, although they are stiffly stable. In each case, in order for the
method to be stable at step size h on the scalar model problem, the product hA must lie within a region of absolute
stability. That region excludes a portion of the left half-plane that is concentrated near the imaginary axis. The size of
that region of instability grows as the order increases from 3 to 5. What this means is that, when running BDF at any
of these orders, if an eigenvalue A of the system lies close enough to the imaginary axis, the step sizes h for which the
method is stable are limited (at least according to the linear stability theory) to a set that prevents A\ from leaving the
stability region. The meaning of close enough depends on the order. At order 3, the unstable region is much narrower
than at order 5, so the potential for unstable behavior grows with order.

System eigenvalues that are likely to run into this instability are ones that correspond to weakly damped oscillations. A
pure undamped oscillation corresponds to an eigenvalue on the imaginary axis. Problems with modes of that kind call
for different considerations, since the oscillation generally must be followed by the solver, and this requires step sizes
(h ~ 1/v, where v is the frequency) that are stable for BDF anyway. But for a weakly damped oscillatory mode, the
oscillation in the solution is eventually damped to the noise level, and at that time it is important that the solver not be
restricted to step sizes on the order of 1/v. It is in this situation that the new option may be of great value.

In terms of partial differential equations, the typical problems for which the stability limit detection option is appropriate
are ODE systems resulting from semi-discretized PDEs (i.e., PDEs discretized in space) with advection and diffusion,
but with advection dominating over diffusion. Diffusion alone produces pure decay modes, while advection tends to
produce undamped oscillatory modes. A mix of the two with advection dominant will have weakly damped oscillatory
modes.

The STALD algorithm attempts to detect, in a direct manner, the presence of a stability region boundary that is limiting
the step sizes in the presence of a weakly damped oscillation [39]. The algorithm supplements (but differs greatly from)
the existing algorithms in CVODES for choosing step size and order based on estimated local truncation errors. The
STALD algorithm works directly with history data that is readily available in CVODES. If it concludes that the step
size is in fact stability-limited, it dictates a reduction in the method order, regardless of the outcome of the error-based
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algorithm. The STALD algorithm has been tested in combination with the VODE solver on linear advection-dominated
advection-diffusion problems [40], where it works well. The implementation in CVODES has been successfully tested
on linear and nonlinear advection-diffusion problems, among others.

This stability limit detection option adds some computational overhead to the CVODES solution. (In timing tests, these
overhead costs have ranged from 2% to 7% of the total, depending on the size and complexity of the problem, with
lower relative costs for larger problems.) Therefore, it should be activated only when there is reasonable expectation
of modes in the user’s system for which it is appropriate. In particular, if a CVODES solution with this option turned
off appears to take an inordinately large number of steps at orders 3-5 for no apparent reason in terms of the solution
time scale, then there is a good chance that step sizes are being limited by stability, and that turning on the option will
improve the efficiency of the solution.

2.5 Rootfinding

The CVODES solver has been augmented to include a rootfinding feature. This means that, while integrating the Initial
Value Problem (2.1), CVODES can also find the roots of a set of user-defined functions g; (¢, y) that depend both on ¢
and on the solution vector y = y(t). The number of these root functions is arbitrary, and if more than one g; is found
to have a root in any given interval, the various root locations are found and reported in the order that they occur on the
t axis, in the direction of integration.

Generally, this rootfinding feature finds only roots of odd multiplicity, corresponding to changes in sign of g;(t, y(t)),
denoted g;(t) for short. If a user root function has a root of even multiplicity (no sign change), it will probably be
missed by CVODES. If such a root is desired, the user should reformulate the root function so that it changes sign at
the desired root.

The basic scheme used is to check for sign changes of any g;(t) over each time step taken, and then (when a sign change
is found) to hone in on the root(s) with a modified secant method [38]. In addition, each time g is computed, CVODES
checks to see if g;(t) = 0 exactly, and if so it reports this as a root. However, if an exact zero of any g; is found at a
point ¢, CVODES computes g at ¢ + § for a small increment §, slightly further in the direction of integration, and if
any ¢;(t + 9) = 0 also, CVODES stops and reports an error. This way, each time CVODES takes a time step, it is
guaranteed that the values of all g; are nonzero at some past value of ¢, beyond which a search for roots is to be done.

At any given time in the course of the time-stepping, after suitable checking and adjusting has been done, CVODES
has an interval (¢;,, tp;] in which roots of the g;(¢) are to be sought, such that ¢5; is further ahead in the direction of
integration, and all g;(¢;,) # 0. The endpoint t,; is either ¢,,, the end of the time step last taken, or the next requested
output time ¢,y if this comes sooner. The endpoint ¢;, is either ¢,,_1, the last output time ¢y (if this occurred within
the last step), or the last root location (if a root was just located within this step), possibly adjusted slightly toward ¢,, if
an exact zero was found. The algorithm checks g; at ¢j; for zeros and for sign changes in (¢, t5;). If no sign changes
were found, then either a root is reported (if some g;(t;) = 0) or we proceed to the next time interval (starting at ¢p;).
If one or more sign changes were found, then a loop is entered to locate the root to within a rather tight tolerance, given
by

7=100%U * (|t,| + |h]) (U = unit roundoff) .

Whenever sign changes are seen in two or more root functions, the one deemed most likely to have its root occur first
is the one with the largest value of |g; (tr:)|/]9:(tni) — 9i(ti0)], corresponding to the closest to ¢;, of the secant method
values. At each pass through the loop, a new value t,,;4 is set, strictly within the search interval, and the values of
gi(tmia) are checked. Then either ¢;, or tp,; is reset to ¢,,;4 according to which subinterval is found to include the sign
change. If there is none in (¢;0, tyiq) but some g;(tmn;q) = 0, then that root is reported. The loop continues until
|thi — tio| < 7, and then the reported root location is tp,;.

In the loop to locate the root of g;(t), the formula for ¢,,,;4 is

tmid = thi — (thi — t10)9i(thi)/19i(thi) — agi(tio)] ,
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where « is a weight parameter. On the first two passes through the loop, « is set to 1, making ¢,,;4 the secant method
value. Thereafter, « is reset according to the side of the subinterval (low vs. high, i.e., toward t;, vs. toward t3;) in
which the sign change was found in the previous two passes. If the two sides were opposite, « is set to 1. If the two
sides were the same, « is halved (if on the low side) or doubled (if on the high side). The value of t,,;4 is closer to
1, when o < 1 and closer to t;,; when o > 1. If the above value of ¢,,,4 is within 7/2 of ¢;, or ¢, it is adjusted
inward, such that its fractional distance from the endpoint (relative to the interval size) is between .1 and .5 (.5 being
the midpoint), and the actual distance from the endpoint is at least /2.

2.6 Pure Quadrature Integration

In many applications, and most notably during the backward integration phase of an adjoint sensitivity analysis run
(see §2.8) it is of interest to compute integral quantities of the form

2(t) = /t q(1,y(1),p)dr. (2.13)

The most effective approach to compute z(t) is to extend the original problem with the additional ODEs (obtained by
applying Leibnitz’s differentiation rule):

z2=q(t,y,p), =z(to)=0.

Note that this is equivalent to using a quadrature method based on the underlying linear multistep polynomial repre-
sentation for y(t).

This can be done at the “user level” by simply exposing to CVODES the extended ODE system (2.3) + (2.13). However,
in the context of an implicit integration solver, this approach is not desirable since the nonlinear solver module will
require the Jacobian (or Jacobian-vector product) of this extended ODE. Moreover, since the additional states z do not
enter the right-hand side of the ODE (2.13) and therefore the right-hand side of the extended ODE system, it is much
more efficient to treat the ODE system (2.13) separately from the original system (2.3) by “taking out” the additional
states z from the nonlinear system (2.5) that must be solved in the correction step of the LMM. Instead, “corrected”
values 2™ are computed explicitly as

Kz Kl
1 o -
2" =— (hnﬂn,OQ(tny ynvp) + hy, Zﬁn,izn b+ Z an,izn Z) 5

a
n,0 i=1 i=1

once the new approximation y" is available.

The quadrature variables z can be optionally included in the error test, in which case corresponding relative and absolute
tolerances must be provided.

2.7 Forward Sensitivity Analysis

Typically, the governing equations of complex, large-scale models depend on various parameters, through the right-
hand side vector and/or through the vector of initial conditions, as in (2.3). In addition to numerically solving the ODEs,
it may be desirable to determine the sensitivity of the results with respect to the model parameters. Such sensitivity
information can be used to estimate which parameters are most influential in affecting the behavior of the simulation
or to evaluate optimization gradients (in the setting of dynamic optimization, parameter estimation, optimal control,
etc.).

The solution sensitivity with respect to the model parameter p; is defined as the vector s;(t) = dy(t)/0p; and satisfies
the following forward sensitivity equations (or sensitivity equations for short):

'._ai ) of ] _3yo(p)
S; = ay si + apl ) Sl(tO) - apl

(2.14)

3
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obtained by applying the chain rule of differentiation to the original ODEs (2.3).

When performing forward sensitivity analysis, CVODES carries out the time integration of the combined system, (2.3)
and (2.14), by viewing it as an ODE system of size N (N + 1), where N is the number of model parameters p;, with
respect to which sensitivities are desired (N, < NN,). However, major improvements in efficiency can be made by
taking advantage of the special form of the sensitivity equations as linearizations of the original ODEs. In particular,
for stiff systems, for which CVODES employs a Newton iteration, the original ODE system and all sensitivity systems
share the same Jacobian matrix, and therefore the same iteration matrix M in (2.9).

The sensitivity equations are solved with the same linear multistep formula that was selected for the original ODEs and,
if Newton iteration was selected, the same linear solver is used in the correction phase for both state and sensitivity
variables. In addition, CVODES offers the option of including (full error control) or excluding (partial error control)
the sensitivity variables from the local error test.

2.7.1 Forward sensitivity methods

In what follows we briefly describe three methods that have been proposed for the solution of the combined ODE and
sensitivity system for the vector § = [y, $1, ..., Sn.]-

e Staggered Direct

In this approach [22], the nonlinear system (2.5) is first solved and, once an acceptable numerical solution is
obtained, the sensitivity variables at the new step are found by directly solving (2.14) after the (BDF or Adams)
discretization is used to eliminate s;. Although the system matrix of the above linear system is based on exactly
the same information as the matrix M in (2.9), it must be updated and factored at every step of the integration, in
contrast to an evaluation of M which is updated only occasionally. For problems with many parameters (relative
to the problem size), the staggered direct method can outperform the methods described below [51]. However,
the computational cost associated with matrix updates and factorizations makes this method unattractive for
problems with many more states than parameters (such as those arising from semidiscretization of PDEs) and is
therefore not implemented in CVODES.

e Simultaneous Corrector

In this method [56], the discretization is applied simultaneously to both the original equations (2.3) and the
sensitivity systems (2.14) resulting in the following nonlinear system

F(gn) = gn - hnﬁn,Of(tn; Qn) - dn = 07

where f = [f(t,y,p), ..., (Of/0y)(t,y,p)si + (8f/Op:)(t, y,p), ...}, and @, is comprised of the terms in the
discretization that depend on the solution at previous integration steps. This combined nonlinear system can be
solved using a modified Newton method as in (2.8) by solving the corrector equation

MGn(m+1) = Inm)l = —F (Jnm)) (2.15)
at each iteration, where
M
—’}’Jl M
M = —vJ2 0 M
—’YJNS 0 v 0 M
, . a9 [(of of .
M is defined as in (2.9), and J; = 70 [\ 3g S + 3 . It can be shown that 2-step quadratic convergence
Y ) Pi
can be retained by using only the block-diagonal portion of M in the corrector equation (2.15). This results in a
0
decoupling that allows the reuse of M without additional matrix factorizations. However, the products (8f> Si
Y
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0
and the vectors a—f must still be reevaluated at each step of the iterative process (2.15) to update the sensitivity
Pi
portions of the residual G.
* Staggered corrector

In this approach [32], as in the staggered direct method, the nonlinear system (2.5) is solved first using the Newton
iteration (2.8). Then a separate Newton iteration is used to solve the sensitivity system (2.14):

M[S;L(m+1) - S:l(m
0]
9]

d
|:5i Y <ay (tn7 Yy 7p)5i + D; (t", Yy 7p)> az,n:| 9

where a;;, = 3o (0,387 7 + hnfn ;8] 7). In other words, a modified Newton iteration is used to solve a

linear system. In this approach, the vectors (0 f/0p;) need be updated only once per integration step, after the
state correction phase (2.8) has converged. Note also that Jacobian-related data can be reused at all iterations
(2.16) to evaluate the products (Of/0y)s;.

CVODES implements the simultaneous corrector method and two flavors of the staggered corrector method which
differ only if the sensitivity variables are included in the error control test. In the full error control case, the first variant
of the staggered corrector method requires the convergence of the iterations (2.16) for all V4 sensitivity systems and
then performs the error test on the sensitivity variables. The second variant of the method will perform the error test for
each sensitivity vector s;, (i = 1,2,. .., N,) individually, as they pass the convergence test. Differences in performance
between the two variants may therefore be noticed whenever one of the sensitivity vectors s; fails a convergence or error
test.

An important observation is that the staggered corrector method, combined with a Krylov linear solver, effectively
results in a staggered direct method. Indeed, the Krylov solver requires only the action of the matrix M on a vector
and this can be provided with the current Jacobian information. Therefore, the modified Newton procedure (2.16) will
theoretically converge after one iteration.

2.7.2 Selection of the absolute tolerances for sensitivity variables

If the sensitivities are included in the error test, CVODES provides an automated estimation of absolute tolerances for
the sensitivity variables based on the absolute tolerance for the corresponding state variable. The relative tolerance
for sensitivity variables is set to be the same as for the state variables. The selection of absolute tolerances for the
sensitivity variables is based on the observation that the sensitivity vector s; will have units of [y]/[p;]. With this, the
absolute tolerance for the j-th component of the sensitivity vector s; is set to atol; /|7;|, where atol; are the absolute
tolerances for the state variables and p is a vector of scaling factors that are dimensionally consistent with the model
parameters p and give an indication of their order of magnitude. This choice of relative and absolute tolerances is
equivalent to requiring that the weighted root-mean-square norm of the sensitivity vector s; with weights based on s;
be the same as the weighted root-mean-square norm of the vector of scaled sensitivities §; = |p;|s; with weights based
on the state variables (the scaled sensitivities 5; being dimensionally consistent with the state variables). However, this
choice of tolerances for the s; may be a poor one, and the user of CVODES can provide different values as an option.

2.7.3 Evaluation of the sensitivity right-hand side

There are several methods for evaluating the right-hand side of the sensitivity systems (2.14): analytic evaluation,
automatic differentiation, complex-step approximation, and finite differences (or directional derivatives). CVODES
provides all the software hooks for implementing interfaces to automatic differentiation (AD) or complex-step approx-
imation; future versions will include a generic interface to AD-generated functions. At the present time, besides the
option for analytical sensitivity right-hand sides (user-provided), CVODES can evaluate these quantities using various
finite difference-based approximations to evaluate the terms (0f/0y)s; and (0 f/0p;), or using directional derivatives
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to evaluate [(Of/9y)s; + (0f /Op;)]. As is typical for finite differences, the proper choice of perturbations is a deli-
cate matter. CVODES takes into account several problem-related features: the relative ODE error tolerance rtol, the
machine unit roundoff U, the scale factor p;, and the weighted root-mean-square norm of the sensitivity vector s;.

Using central finite differences as an example, the two terms (0 f/Jy)s; and 0f/Op; in the right-hand side of (2.14)
can be evaluated either separately:
af f(t7y+0y3i7p) —f(tay—UySi,P)

9 . ~ : 2.17
8y8 20, @.17)

g ~ f(tvyvp + Uiei) — f(tayvp - Uiei)
Op; 20;

0; = |pi|v/max(rtol,U), o, =

: (2.18)

1
max(1/oy, ||s:|l/|ps])

or simultaneously:
of . 0f _ [(ty+asiptoe) = [ty —asip o)
Oy " Op; 20 ’

o =min(o;, 0y),

or by adaptively switching between (2.17) + (2.18) and (2.19), depending on the relative size of the finite difference
increments o; and o,,. In the adaptive scheme, if p = max(o;/0y, 0y /0;), we use separate evaluations if p > ppaz
(an input value), and simultaneous evaluations otherwise.

These procedures for choosing the perturbations (o, oy, o) and switching between finite difference and directional
derivative formulas have also been implemented for one-sided difference formulas. Forward finite differences can be
applied to (0f/0y)s; and O f /Op; separately, or the single directional derivative formula

af 8f ~ f(t7y+05iap+gei)—f(t7y7p)
-8 + ~
dy Op; o

can be used. In CVODES, the default value of p,,,,, = 0 indicates the use of the second-order centered directional
derivative formula (2.19) exclusive