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This is the documentation for ARKODE, an adaptive step time integration package for stiff, nonstiff and mixed
stiff/nonstiff systems of ordinary differential equations (ODEs) using Runge—Kutta (i.e., one-step, multi-stage) meth-
ods. The ARKODE solver is a component of the SUNDIALS suite of nonlinear and differential/algebraic equation
solvers. It is designed to have a similar user experience to the CVODE solver, including user modes to allow adaptive
integration to specified output times, return after each internal step and root-finding capabilities, and for calculations in
serial, using shared-memory parallelism (e.g., via OpenMP, CUDA, Raja, Kokkos) or distributed-memory parallelism
(via MPI). The default integration and solver options should apply to most users, though control over nearly all internal
parameters and time adaptivity algorithms is enabled through optional interface routines.

ARKODE is developed by the University of Maryland Baltimore County and Lawrence Livermore National Security,
with support by the US Department of Energy, Office of Science.

When using the ARKODE package from SUNDIALS, please cite:

@article{reynolds2023arkode,

title = {{ARKODE: A flexible IVP solver infrastructure for one-step methods}},

author = {Reynolds, Daniel R and Gardner, David J and Woodward, Carol S and Chinomona,
- Rujeko},

journal = {ACM Transactions on Mathematical Software},

volume = {49},

number = {2},

pages = {1--26},

year = {2023},

doi = {10.1145/3594632}

The ARKODE documentation can be cited as:

@Misc{arkodeDocumentation,
author = {Daniel R. Reynolds and David J. Gardner and Carol S. Woodward and Cody J..

—Balos},
title = {User Documentation for ARKODE},
year = {2026},
note = {v6.8.0}

}
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Chapter 1

Introduction

The ARKODE infrastructure provides adaptive-step time integration modules for stiff, nonstiff and mixed stiff/nonstiff
systems of ordinary differential equations (ODEs). ARKODE itself is structured to support a wide range of one-step (but
multi-stage) methods, allowing for rapid development of parallel implementations of state-of-the-art time integration
methods. At present, ARKODE is packaged with four time-stepping modules, ARKStep, ERKStep, SPRKStep, and
MRIStep.

ARKStep supports ODE systems posed in split, linearly-implicit form,

M)y =Pty + 1 (ty),  ylto) = o, (1.1)

where ¢ is the independent variable, y is the set of dependent variables (in R™V), M is a user-specified, nonsingular
operator from R to R”, and the right-hand side function is partitioned into up to two components:

 fE(t,y) contains the “nonstiff” time scale components to be integrated explicitly, and
s f1(t,y) contains the “stiff”” time scale components to be integrated implicitly.

Either of these operators may be disabled, allowing for fully explicit, fully implicit, or combination implicit-explicit
(ImEx) time integration.

The algorithms used in ARKStep are adaptive- and fixed-step additive Runge—Kutta methods. Such methods are defined
through combining two complementary Runge—Kutta methods: one explicit (ERK) and the other diagonally implicit
(DIRK). Through appropriately partitioning the ODE right-hand side into explicit and implicit components (1.1), such
methods have the potential to enable accurate and efficient time integration of stiff, nonstiff, and mixed stiff/nonstiff
systems of ordinary differential equations. A key feature allowing for high efficiency of these methods is that only
the components in £ (¢, 3y) must be solved implicitly, allowing for splittings tuned for use with optimal implicit solver
algorithms.

This framework allows for significant freedom over the constitutive methods used for each component, and ARKODE is
packaged with a wide array of built-in methods for use. These built-in Butcher tables include adaptive explicit methods
of orders 2-9, adaptive implicit methods of orders 2-5, and adaptive ImEx methods of orders 2-5.

ERKStep focuses specifically on problems posed in explicit form,

v =f(ty), y(to) = Yo- (1.2)

allowing for increased computational efficiency and memory savings. The algorithms used in ERKStep are adaptive-
and fixed-step explicit Runge—Kutta methods. As with ARKStep, the ERKStep module is packaged with adaptive
explicit methods of orders 2-9.

SPRKStep focuses on Hamiltonian systems posed in the form,

H(t,p,q) =T(t,p) +V(tq)
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. av(t,q) . orT'(t,p)
— t’ — —, — t’ = - s 1 .3
p= fi(t,q) 9 q= f2(t,p) o (1.3)
allowing for conservation of quadratic invariants.
MRIStep focuses specifically on problems posed in additive form,
g=foty) + 1ty + 1 (y),  ylto) = o (1.4)

where here the right-hand side function is additively split into three components:

 fE(t,y) contains the “slow-nonstiff” components of the system (this will be integrated using an explicit method
and a large time step h°),

* fI(t,y) contains the “slow-stiff” components of the system (this will be integrated using an implicit method and
a large time step 1), and

» fF(t,y) contains the “fast” components of the system (this will be integrated using a possibly different method
than the slow time scale and a small time step h!" < ).

For such problems, MRIStep provides fixed-step slow step multirate infinitesimal step (MIS), multirate infinitesimal
GARK (MRI-GARK), and implicit-explicit MRI-GARK (IMEX-MRI-GARK) methods, allowing for evolution of the
problem (1.4) using multirate methods having orders of accuracy 2-4.

For ARKStep or MRIStep problems that include nonzero implicit term f7(¢,y), the resulting implicit system (assumed
nonlinear, unless specified otherwise) is solved approximately at each integration step, using a SUNNonlinearSolver
module, supplied either by the user or from the underlying SUNDIALS infrastructure. For nonlinear solver algorithms
that internally require a linear solver, ARKODE may use a variety of SUNLinearSolver modules provided with SUN-
DIALS, or again may utilize a user-supplied module.

1.1 Changes to SUNDIALS in release 7.8.0

New Features and Enhancements

We added a new SUNNonlinearSolver implementation, SUNNonlinearSolver_Auto, which uses an algorithm described
in [87] to switch between a modified Newton iteration and fixed-point iteration based on an estimate of stiffness. This
solver may be useful to pair with the BDF method in CVODE/CVODES, or with DIRK methods in ARKODE, for
users who are unsure about the stiffness of their problem. See the module documentation for more information. We
also extended the SUNNonlinearSolver API with callback setters SUNNonlinSolSetNormFn(), SUNNonlinSolSet-
GetUpdateNormFn(), and SUNNonlinSolSetGetConvRateFn().

Added the ARKODE_SSP_ERK_3_1_2, ARKODE_SSP_ERK_4_1_2, ARKODE_SSP_ERK_4_2_3, ARKODE_SSP_ERK_-
10_3_4, ARKODE_SSP_LSPUM_ERK_3_1_2, and ARKODE_ASCHER_ERK_3_1_2 embedded explicit Runge-Kutta
Butcher tables.

Added the ARKODE_SSP_DIRK_3_1_2, ARKODE_SSP_LSPUM_SDIRK_3_1_2, ARKODE_ESDIRK_4_2_3, and
ARKODE_ASCHER_SDIRK_3_1_2 embedded diagonally implicit Runge-Kutta Butcher tables.

Of these, embedded additive Runge-Kutta methods may be formed using ARKODE_SSP_ERK_3_1_2 + ARKODE_SSP_-
DIRK_3_1_2, ARKODE_SSP_ERK_4_2_3 + ARKODE_ESDIRK_4_2_3, ARKODE_SSP_LSPUM_ERK_3_1_2 + ARKODE_-
SSP_LSPUM_SDIRK_3_1_2, and ARKODE_ASCHER_ERK_3_1_2 + ARKODE_ASCHER_SDIRK_3_1_2.

Added the ARKODE_IMEX_MRI_GARK_ASCHER_ARK2 and ARKODE_IMEX_MRI_GARK_ARK2 embedded implicit-explicit
MRI-GARK coupling tables.

When info or debug logging is enabled, i.e., SUNDTALS_LOGGING_LEVEL is at least 3, it will now print to stdout by
default. Previously, the default was to produce no output, and this behavior can be restored by setting the environment
variables SUNLOGGER_INFO_FILENAME and SUNLOGGER_DEBUG_FILENAME to an empty string.

Improved the performance of logging when enabled but no file pointer was set.
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Added the function SUNLogger_SetQueueAndFlushMsgFns () to allow for user-defined functions to queue and flush
log messages.

Updated examples/cvode/petsc/cv_petsc_ex7.c to support PETSc 3.25.0.
Bug Fixes

Fixed a bug where an unrecognized error return flag from a user-provided SUNLinearSolver module would register as
a successful linear solve.

Fixed a bug that caused SUNDomEigEstimator_Initialize() to overwrite the user-provided initial guess from SUN-
DomEigEstimator_SetInitialGuess(). These routines are now order-independent.

Fixed memory leaks in CVODES, IDAS, and KINSOL in the unlikely event of a failed malloc.

Fixed a bug in ERKStep where calling ARKodeResize () before ARKodeEvolve () or ARKodeInit () would result in
a segmentation fault.

Fixed a bug where the number of required stages for STS methods in the LSRKStep module was incorrectly computed
using the spectral radius instead of the real part of the Jacobian eigenvalues.

Fixed a bug where the negative real extent of the stability region for the RKC method was not being properly computed,
which could result in an underestimation of the number of stages required for stability.

Fixed a bug where STS methods were limited to one fewer than the maximum allowed number of stages. STS can now
use the full maximum number of stages.

Fixed a bug in reporting the maximum number of stages in ARKodeGetStageIndex () when running SSP methods in
LSRKStep.

Fixed a bug where IDAS would incorrectly compute the quadrature predictor when IDACalcIC() was used. In some
cases, this lead to an inconsistent solution in the forward solve compared to the forward recomputation from a check-
point, ultimately causing a segfault.

Fixed a bug in the sundials4py wrappers for user-provided SUNStepper evolve and one_step functions.

Fixed a bug in sundials4py where the CVodeGetRootInfo(), ARKodeGetRootInfo(), and IDAGetRootInfo()
functions did not correctly return the rootsfound array. This addresses Issue #937.

Removed duplicate logging output that would cause the Python logging tools to fail with a repeated key error.

Fixed a CMake issue that prevented finding third-party libraries installed in default search locations e.g., paths included
in CMAKE_INSTALL_PREFIX (Issue #935).

Fixed a CMake issue that prevented automatically finding PETSc dependencies.

Fixed empty elseif () cases in the CMake files for the Fortran interfaces to the ManyVector and MPIPlusX vectors
which could results in a missing include path when compiling if an MPI compiler wrapper is not found.

Fixed a CMake bug where Fortran modules were not created for LSRKStep, ForcingStep, and SplittingStep.

Corrected the version number used in version added, changed, and deprecated notes in the documentation to always
use the SUNDIALS version number with the package version number as a parenthetical note when it differs from the
SUNDIALS version number.

For changes in prior versions of SUNDIALS see §24.

1.2 Reading this User Guide

This user guide is a combination of general usage instructions and specific example programs. We expect that some
readers will want to concentrate on the general instructions, while others will refer mostly to the examples, and the
organization is intended to accommodate both styles.
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The structure of this document is as follows:

¢ In the next section we provide a thorough presentation of the underlying mathematical algorithms used within
the ARKODE family of solvers.

¢ We follow this with an overview of how the source code for ARKODE is organized.

* The largest section follows, providing a full account of how to use ARKODE within C and C++ applications,
including any instructions that are specific to a given time-stepping modules, ARKStep, ERKStep, or MRIStep.
This section then includes additional information on how to use ARKODE from applications written in Fortran,
as well as information on how to leverage GPU accelerators within ARKODE.

* A much smaller section follows, describing ARKODE’s Butcher table structure, that is used by both ARKStep
and ERKStep.

» Subsequent sections discuss shared SUNDIALS features that are used by ARKODE: vector data structures,
matrix data Structures, linear solver data Structures, nonlinear solver data Structures, memory managemenl
utilities, and the installation procedure.

¢ The final sections catalog the full set of ARKODE constants, that are used for both input specifications and return
codes, and the full set of Butcher tables that are packaged with ARKODE.

1.3 SUNDIALS License and Notices

All SUNDIALS packages are released open source, under the BSD 3-Clause license. The only requirements of the
license are preservation of copyright and a standard disclaimer of liability. The full text of the license and an additional
notice are provided below and may also be found in the LICENSE and NOTICE files provided with all SUNDIALS
packages.

Note

If you are using SUNDIALS with any third party libraries linked in (e.g., LAPACK, KLU, SuperLU_MT, PETSc,
or hypre), be sure to review the respective license of the package as that license may have more restrictive terms
than the SUNDIALS license. For example, if someone builds SUNDIALS with a statically linked KLU, the build is
subject to terms of the more-restrictive LGPL license (which is what KLU is released with) and not the SUNDIALS
BSD license anymore.

1.3.1 BSD 3-Clause License

Copyright (c) 2025, Lawrence Livermore National Security, University of Maryland Baltimore County, and the SUN-
DIALS contributors. Copyright (c) 2013-2025, Lawrence Livermore National Security and Southern Methodist Uni-
versity. Copyright (c) 2002-2013, Lawrence Livermore National Security. All rights reserved.

Redistribution and use in source and binary forms, with or without modification, are permitted provided that the fol-
lowing conditions are met:

 Redistributions of source code must retain the above copyright notice, this list of conditions and the following
disclaimer.

* Redistributions in binary form must reproduce the above copyright notice, this list of conditions and the following
disclaimer in the documentation and/or other materials provided with the distribution.

 Neither the name of the copyright holder nor the names of its contributors may be used to endorse or promote
products derived from this software without specific prior written permission.
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THIS SOFTWARE IS PROVIDED BY THE COPYRIGHT HOLDERS AND CONTRIBUTORS “AS IS” AND ANY
EXPRESS OR IMPLIED WARRANTIES, INCLUDING, BUT NOT LIMITED TO, THE IMPLIED WARRANTIES
OF MERCHANTABILITY AND FITNESS FOR A PARTICULAR PURPOSE ARE DISCLAIMED. IN NO EVENT
SHALL THE COPYRIGHT HOLDER OR CONTRIBUTORS BE LIABLE FOR ANY DIRECT, INDIRECT, IN-
CIDENTAL, SPECIAL, EXEMPLARY, OR CONSEQUENTIAL DAMAGES (INCLUDING, BUT NOT LIMITED
TO, PROCUREMENT OF SUBSTITUTE GOODS OR SERVICES; LOSS OF USE, DATA, OR PROFITS; OR BUSI-
NESS INTERRUPTION) HOWEVER CAUSED AND ON ANY THEORY OF LIABILITY, WHETHER IN CON-
TRACT, STRICT LIABILITY, OR TORT (INCLUDING NEGLIGENCE OR OTHERWISE) ARISING IN ANY WAY
OUT OF THE USE OF THIS SOFTWARE, EVEN IF ADVISED OF THE POSSIBILITY OF SUCH DAMAGE.

1.3.2 Additional Notice
This work was produced under the auspices of the U.S. Department of Energy by Lawrence Livermore National Lab-
oratory under Contract DE-AC52-07NA27344.

This work was prepared as an account of work sponsored by an agency of the United States Government. Neither
the United States Government nor Lawrence Livermore National Security, LLC, nor any of their employees makes
any warranty, expressed or implied, or assumes any legal liability or responsibility for the accuracy, completeness, or
usefulness of any information, apparatus, product, or process disclosed, or represents that its use would not infringe
privately owned rights.

Reference herein to any specific commercial product, process, or service by trade name, trademark, manufacturer, or
otherwise does not necessarily constitute or imply its endorsement, recommendation, or favoring by the United States
Government or Lawrence Livermore National Security, LLC.

The views and opinions of authors expressed herein do not necessarily state or reflect those of the United States Gov-
ernment or Lawrence Livermore National Security, LLC, and shall not be used for advertising or product endorsement
purposes.

1.3.3 SUNDIALS Release Numbers

LLNL-CODE-667205 (ARKODE)
UCRL-CODE-155951 (CVODE)
UCRL-CODE-155950 (CVODES)
UCRL-CODE-155952 (IDA)
UCRL-CODE-237203 (IDAS)
LLNL-CODE-665877 (KINSOL)
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Chapter 2

Mathematical Considerations

ARKODE solves ODE initial value problems (IVP) in RY posed in the form

Here, ¢ is the independent variable (e.g. time), and the dependent variables are given by y € RV, where we use the
notation ¢ to denote dy/dt.

For each value of ¢, M (t) is a user-specified linear operator from R” — R This operator is assumed to be nonsingular
and independent of y. For standard systems of ordinary differential equations and for problems arising from the spatial
semi-discretization of partial differential equations using finite difference, finite volume, or spectral finite element
methods, M is typically the identity matrix, I. For PDEs using standard finite-element spatial semi-discretizations,
M is typically a well-conditioned mass matrix that is fixed throughout a simulation (or at least fixed between spatial
rediscretization events).

The ODE right-hand side is given by the function f(¢,y) — in general we make no assumption that the problem (2.1)
is autonomous (i.e., f = f(y)) or linear (f = Ay). In general, the time integration methods within ARKODE support
additive splittings of this right-hand side function, as described in the subsections that follow. Through these splittings,
the time-stepping methods currently supplied with ARKODE are designed to solve stiff, nonstiff, mixed stiff/nonstiff,
and multirate problems. As per Ascher and Petzold [13], a problem is “stiff”’ if the stepsize needed to maintain stability
of the forward Euler method is much smaller than that required to represent the solution accurately.

In the sub-sections that follow, we elaborate on the numerical methods utilized in ARKODE. We first discuss the “single-
step” nature of the ARKODE infrastructure, including its usage modes and approaches for interpolated solution output.
We then discuss the current suite of time-stepping modules supplied with ARKODE, including

* ARKStep for additive Runge—Kutta methods

» ERKStep that is optimized for explicit Runge—Kutta methods
* ForcingStep for a forcing method

* LSRKStep that supports low-storage Runge—Kutta methods

* MRIStep for multirate infinitesimal step (MIS), multirate infinitesimal GARK (MRI-GARK), and implicit-explicit
MRI-GARK (IMEX-MRI-GARK) methods

* SplittingStep for operator splitting methods
* SPRKStep for symplectic partitioned Runge—Kutta methods

We then discuss the adaptive temporal error controllers shared by the time-stepping modules, including discussion of
our choice of norms for measuring errors within various components of the solver.
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We then discuss the nonlinear and linear solver strategies used by ARKODE for solving implicit algebraic systems
that arise in computing each stage and/or step: nonlinear solvers, linear solvers, preconditioners, error control within
iterative nonlinear and linear solvers, algorithms for initial predictors for implicit stage solutions, and approaches for
handling non-identity mass-matrices.

We conclude with a section describing ARKODE’s rootfinding capabilities, that may be used to stop integration of a
problem prematurely based on traversal of roots in user-specified functions.

2.1 Adaptive single-step methods

The ARKODE infrastructure is designed to support single-step, IVP integration methods, i.e.

Yn = ©(Yn—1,hn)

where y,,—1 is an approximation to the solution y(¢,,—1), ¥, is an approximation to the solution y(t,,), t, = t,—1 + hnp,
and the approximation method is represented by the function (.

The choice of step size h,, is determined by the time-stepping method (based on user-provided inputs, typically accuracy
requirements). However, users may place minimum/maximum bounds on h,, if desired.

ARKODE may be run in a variety of “modes”:

* NORMAL - The solver will take internal steps until it has just overtaken a user-specified output time, tqy, in
the direction of integration, i.e. t,—1 < tou < t, for forward integration, or ¢t,, < toy < t,—1 for backward
integration. It will then compute an approximation to the solution y(t.,) by interpolation (using one of the dense
output routines described in the section §2.2).

* ONE-STEP - The solver will only take a single internal step y,—1 — ¥, and then return control back to the
calling program. If this step will overtake %, then the solver will again return an interpolated result; otherwise
it will return a copy of the internal solution y,,.

¢ NORMAL-TSTOP - The solver will take internal steps until the next step will overtake #,,. It will then limit
this next step so that t,, = t,—1 + h,, = tou, and once the step completes it will return a copy of the internal
solution ¥,,.

¢ ONE-STEP-TSTOP - The solver will check whether the next step will overtake %, — if not then this mode is
identical to “one-step” above; otherwise it will limit this next step so that ¢,, = ¢,,_1 + h,, = tou. In either case,
once the step completes it will return a copy of the internal solution y,,.

We note that interpolated solutions may be slightly less accurate than the internal solutions produced by the solver.
Hence, to ensure that the returned value has full method accuracy one of the “tstop” modes may be used.

2.2 Interpolation

As mentioned above, the ARKODE supports interpolation of solutions y(t.,) and derivatives y(d)(tom), where oy
occurs within a completed time step from ¢,,_; — t,,. Additionally, this module supports extrapolation of solutions
and derivatives for ¢ outside this interval (e.g. to construct predictors for iterative nonlinear and linear solvers). To this
end, ARKODE currently supports construction of polynomial interpolants p,(¢) of polynomial degree up to ¢ = 5,
although users may select interpolants of lower degree.

ARKODE provides two complementary interpolation approaches: “Hermite” and “Lagrange”. The former approach
has been included with ARKODE since its inception, and is more suitable for non-stiff problems; the latter is a more
recent approach that is designed to provide increased accuracy when integrating stiff problems. Both are described in
detail below.
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2.2.1 Hermite interpolation module

For non-stiff problems, polynomial interpolants of Hermite form are provided. Rewriting the IVP (2.1) in standard
form,

Y= f(t,y), y(tO) = Yo-

we typically construct temporal interpolants using the data {y,,,_l, fn_l, Yns fn}, where here we use the simplified

notation fk to denote f (tx, yr). Defining a normalized “time” variable, 7, for the most-recently-computed solution
interval t,,_1 — t,, as

we then construct the interpolants p,(t) as follows:
* ¢ = 0: constant interpolant

n—1 1 Yn
P (T) Yn—1 Y )
*q= 1: linear Lagrange interpolant

Pi(T) = —TYn1+ (1 +7T)Yn.
* ¢ = 2: quadratic Hermite interpolant
p2(7) = T2 Y1 + (L= 7))y + (7 +7%) i
* q = 3: cubic Hermite interpolant
ps(r) = (372 + 2% g1 + (1= 372 = 27%) g + b (72 + 72) o1 + hn(7 + 272+ 7°) fo.
* q = 4: quartic Hermite interpolant

h .
pa(T) = (=672 — 167 — 974 yp_1 + (1 + 672 + 167> + 97%) y,, + f(—57’2 — 1473 — 97'4) fn_1

27hy,
4

+hn(7-+27—2+7-3) fn"’ (_7-4 —27° _7—2) fm

. . B, 1
where f, = f <tn 3P (—3) ) We point out that interpolation at this degree requires an additional

evaluation of the full right-hand side function f(¢, ), thereby increasing its cost in comparison with ps (¢).
* g = 5: quintic Hermite interpolant

ps(7) = (547° +1357* + 1107° 4 307°) yp—1 + (1 — 547° — 1357* — 1107° — 307°) yn,

h

n 5 2 N hn 5 2 A
+ 2 (277° + 6371 + 4973 +137%) f,_1 + 1(2770 + 727 + 6773 + 2672 + 1) £,

4
B oo 5 A f R
+ Z(81T° + 18974 + 13573 + 2772) f, + Z(sw + 21671 4 18973 + 5472) £,

L hin 1 . 2h,, 2
where f, = f (tn — ?,p4 (—3)) and fp = f (tn — 7’])4 (—3)). We point out that interpolation at
this degree requires four additional evaluations of the full right-hand side function f (t,y), thereby significantly

increasing its cost over py(t).

We note that although interpolants of order ¢ > 5 are possible, these are not currently implemented due to their
increased computing and storage costs.
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2.2.2 Lagrange interpolation module

For stiff problems where f may have large Lipschitz constant, polynomial interpolants of Lagrange form are provided.
These interpolants are constructed using the data {y,, Yn—1,-..,Yn—r} Where 0 < v < 5. These polynomials have
the form

= Z Yn—;pi(t), where

Since we assume that the solutions y,,_; have length much larger than v < 5 in ARKODE-based simulations, we
evaluate p at any desired ¢ € R by first evaluating the Lagrange polynomial basis functions at the input value for ¢, and
then performing a simple linear combination of the vectors {y }%_,. Derivatives p(@ (t) may be evaluated similarly as

d
Pt Zyn 00 (),

however since the algorithmic complexity involved in evaluating derivatives of the Lagrange basis functions increases
dramatically as the derivative order grows, our Lagrange interpolation module currently only provides derivatives up
tod = 3.

We note that when using this interpolation module, during the first (v — 1) steps of integration we do not have sufficient
solution history to construct the full v-degree interpolant. Therefore during these initial steps, we construct the highest-
degree interpolants that are currently available at the moment, achieving the full v-degree interpolant once these initial
steps have completed.

2.3 ARKStep - Additive Runge-Kutta methods

The ARKStep time-stepping module in ARKODE is designed for IVPs of the form

M(t)y = fE(ty) + f1(ty),  ylto) = o, (2.2)
i.e. the right-hand side function is additively split into two components:
 fE(t,y) contains the “nonstiff” components of the system (this will be integrated using an explicit method);
* fI(t,y) contains the “stiff” components of the system (this will be integrated using an implicit method);
and the left-hand side may include a nonsingular, possibly time-dependent, matrix M (¢).

In solving the IVP (2.2), we first consider the corresponding problem in standard form,

g=fty) + f(ty),  ylte) = o, 2.3)
where fZ(t,y) = M(t)~! fE(t,y)and f1(t,y) = M(t)~' fT(t,y). ARKStep then utilizes variable-step, embedded,
additive Runge—Kutta methods (ARK), corresponding to algorithms of the form

i1
Zizynq-ﬁ-hnzz‘lfﬂm g %) T+ hn ZA ft nj, zj), i=1,...,s,

Y = Y1 + B Z(bEfE Fiz) + 0 FI L 7)) 24)

i=1

G = Yn1 + hn Z(bEfE B o) + Bt 2

i=1
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Here §,, are embedded solutions that approximate y(¢,,) and are used for error estimation; these typically have slightly
lower accuracy than the computed solutions ¥,,. The internal stage times are abbreviated using the notation tﬁ j =
th—1 + cf h,, and t{l’ j=tn-1+ ch. h,. The ARK method is primarily defined through the coefficients AE ¢ Rsxs,
Al e R*#, bF € R*, b € R*, ¢¥ € R® and ¢! € R, that correspond with the explicit and implicit Butcher tables.
Additional coefficients b” € R® and b’ € R® are used to construct the embedding 7,,. We note that ARKStep currently
enforces the constraint that the explicit and implicit methods in an ARK pair must share the same number of stages,
s. We note that except when the problem has a time-independent mass matrix M, ARKStep allows the possibility for
different explicit and implicit abscissae, i.e. ¢ need not equal ¢’.

The user of ARKStep must choose appropriately between one of three classes of methods: ImEXx, explicit, and implicit.
All of the built-in Butcher tables encoding the coefficients cZ, ¢!, AF, AT bF, b’ bF and b’ are further described in
the section §19.

For mixed stiff/nonstiff problems, a user should provide both of the functions ¥ and f’ that define the IVP system.
For such problems, ARKStep currently implements the ARK methods proposed in [52, 72, 75], allowing for methods
having order of accuracy ¢ = {2,3,4,5} and embeddings with orders p = {1, 2, 3,4}; the tables for these methods
are given in section §19.3. Additionally, user-defined ARK tables are supported.

For nonstiff problems, a user may specify that f/ = 0, i.e. the equation (2.2) reduces to the non-split IVP

M@t)yy=f"ty),  y(to) = o 2.5)

In this scenario, the coefficients A7 = 0, ¢! = 0, b = 0 and Y = 0 in (2.4), and the ARK methods reduce to classical
explicit Runge—Kutta methods (ERK). For these classes of methods, ARKODE provides coefficients with orders of
accuracy ¢ = {2,3,4,5,6,7,8,9}, with embeddings of orders p = {1,2,3,4,5,6,7,8}; the tables for these methods
are given in section §19.1. As with ARK methods, user-defined ERK tables are supported.

Alternately, for stiff problems the user may specify that f¥ = 0, so the equation (2.2) reduces to the non-split IVP

M)y =f'(ty),  ylto) = o (2.6)

Similarly to ERK methods, in this scenario the coefficients AZ = 0, ¢Z = 0, b¥ = 0 and b = 0 in (2.4), and the
ARK methods reduce to classical diagonally-implicit Runge—Kutta methods (DIRK). For these classes of methods,
ARKODE provides tables with orders of accuracy ¢ = {2, 3,4, 5}, with embeddings of orders p = {1,2,3,4}; the
tables for these methods are given in section §19.2. Again, user-defined DIRK tables are supported.

2.4 ERKStep - Explicit Runge-Kutta methods

The ERKStep time-stepping module in ARKODE is designed for IVP of the form

y = f(ta y)> y(tO) = Yo, 2.7

i.e., unlike the more general problem form (2.2), ERKStep requires that problems have an identity mass matrix (i.e.,
M (t) = I) and that the right-hand side function is not split into separate components.

For such problems, ERKStep provides variable-step, embedded, explicit Runge—Kutta methods (ERK), corresponding
to algorithms of the form

i—1
ZZ:ynfl'i_hnZAl,jf(tnjazj» 2'21,...,87

Jj=1

Yn = Yn-1+hn D _bif(tni, 2), (2.8)

i=1

s
gn = Yn—-1 + hn Z bif(tn,i7 Zi)v
i=1
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where the variables have the same meanings as in the previous section.

Clearly, the problem (2.7) is fully encapsulated in the more general problem (2.5), and the algorithm (2.8) is similarly
encapsulated in the more general algorithm (2.4). While it therefore follows that ARKStep can be used to solve every
problem solvable by ERKStep, using the same set of methods, we include ERKStep as a distinct time-stepping module
since this simplified form admits a more efficient and memory-friendly implementation than the more general form
2.7).

2.5 ForcingStep — Forcing method

The ForcingStep time-stepping module in ARKODE is designed for IVPs of the form
y=fi(t,y) + f2(t,y), y(to) = yo,
with two additive partitions. One step of the forcing method implemented in ForcingStep is given by

(%1 (tn—l) = Yn—1,

0 = fi(t,v1),
% vl(tn)fyn—l
= —

UZ(tn—l) = Yn—1,
by = f{ + fa(t, v2),
Yn = v2<tn)~

Like a Lie-Trotter method from SplittingStep, the partitions are evolved through a sequence of inner [IVPs which can be
solved with an arbitrary integrator or exact solution procedure. However, the IVP for partition two includes a “forcing”
or “tendency” term f; to strengthen the coupling. This coupling leads to a first order method provided v; and vo are
integrated to at least first order accuracy. Currently, a fixed time step must be specified for the overall ForcingStep
integrator, but partition integrators are free to use adaptive time steps.

2.6 LSRKStep — Low-Storage Runge-Kutta methods

The LSRKStep time-stepping module in ARKODE supports a variety of so-called “low-storage” Runge—Kutta (LSRK)
methods, [45, 77, 86, 131]. This category includes traditional explicit fixed-step and low-storage Runge—Kutta methods,
adaptive low-storage Runge—Kutta methods, and others. These are characterized by coefficient tables that have an
exploitable structure, such that their implementation does not require that all stages be stored simultaneously. At
present, this module supports explicit, adaptive “super-time-stepping” (STS) and “strong-stability-preserving” (SSP)
methods.

The LSRK time-stepping module in ARKODE currently supports IVP of the form (2.7), i.e., unlike the more general
problem form (2.2), LSRKStep requires that problems have an identity mass matrix (i.e., M(¢) = I) and that the
right-hand side function is not split into separate components.

LSRKStep currently supports two families of second-order, explicit, and temporally adaptive STS methods:
Runge—Kutta—Chebyshev (RKC), [131] and Runge—Kutta—Legendre (RKL), [86]. These methods have the form

21 = Yn,
22 = 21 + hnfia f(tn, 21),
zj = (1 — = Z/j)21 + pjzi—1+Vizj—o + hn’?jf(tm Zl) + hnﬂjf(tn + ijlh, ijl), j=3,...,5+1

Yn4+1 = Zs+1-
2.9)
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The corresponding coefficients can be found in [131] and [86], respectively, and extension of these methods for time
adaptivity can be found in [97].

LSRK methods of STS type are designed for stiff problems characterized by having Jacobians with eigenvalues that
have large real and small imaginary parts. While those problems are traditionally treated using implicit methods, STS
methods are explicit. To achieve stability for these stiff problems, STS methods use more stages than conventional
Runge-Kutta methods to extend the stability region along the negative real axis. The extent of this stability region is
proportional to the square of the number of stages used.

LSRK methods of the SSP type are designed to preserve the so-called “strong-stability” properties of advection-type
equations. For details, see [77]. The SSPRK methods in ARKODE use the following Shu—Osher representation [109]
of explicit Runge—Kutta methods:

21 = Yn,
i—1

2= (ijy;+ Bihf(tn + cihn, 7)), (2.10)
j=1
Yn+1 = Zs-

The coeflicients of the Shu—Osher representation are not uniquely determined by the Butcher table [118]. In particu-
lar, the methods SSP(s,2), SSP(s,3), and SSP(10,4) implemented herein and presented in [77] have “almost™ all zero
coeflicients appearing in o; ;1 and ; ;1. This feature facilitates their implementation in a low-storage manner. The
corresponding coefficients and embedding weights can be found in [77] and [45], respectively.

2.7 MRIStep — Multirate infinitesimal step methods

The MRIStep time-stepping module in ARKODE is designed for IVPs of the form

g=r"ty) + 1ty +Ly), yto) =vo. 2.11)
i.e., the right-hand side function is additively split into three components:

 fE(t,y) contains the “slow-nonstiff”” components of the system (this will be integrated using an explicit method
and a large time step h?),

* fI(t,y) contains the “slow-stiff” components of the system (this will be integrated using an implicit method and
a large time step h?), and

* fF(t,y) contains the “fast” components of the system (this will be integrated using a possibly different method
than the slow time scale and a small time step b2 < h5).

As with ERKStep, MRIStep currently requires that problems be posed with an identity mass matrix, M (t) = I. The
slow time scale may consist of only nonstiff terms (f! = 0), only stiff terms (¥ = 0), or both nonstiff and stiff terms.

For cases with only a single slow right-hand side function (i.e., f¥ = 0 or f/ = 0), MRIStep provides multirate
infinitesimal step (MIS) [105, 106, 107], first through fourth order multirate infinitesimal GARK (MRI-GARK) [102],
and second through fifth order multirate exponential Runge—Kutta (MERK) [84, 95] methods. For problems with an
additively split slow right-hand side, MRIStep provides first through fourth order implicit-explicit MRI-GARK (IMEX-
MRI-GARK) [31] and second through fourth order implicit-explicit multirate infinitesimal stage-restart (IMEX-MRI-
SR) [47] methods. For a complete list of the methods available in MRIStep see §5.11.3.2. Additionally, users may
supply their own method by defining and attaching a coupling table, see §5.11.3 for more information.

Generally, the slow (outer) method for each family derives from a single-rate method: MIS and MRI-GARK meth-
ods derive from explicit or diagonally-implicit Runge—Kutta methods, MERK methods derive from exponential
Runge—Kutta methods, while IMEX-MRI-GARK and IMEX-MRI-SR methods derive from additive Runge—Kutta
methods. In each case, the “infinitesimal” nature of the multirate methods derives from the fact that slow stages are
computed by solving a set of auxiliary ODEs with a fast (inner) time integration method. Generally speaking, an s-stage
method from of each family adheres to the following algorithm for a single step:
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1. Setz; = yp_1.

2. Fort = 2,...,s, compute the stage solutions, z;, by evolving the fast IVP
’U;(t) = fF(t, Ui) + T‘Z‘(t) for te [to’htp’i] with ’Ui(t()’i) =0, (2.12)

and setting z; = v(tr,;), and/or performing a standard explicit, diagonally-implicit, or additive Runge—Kutta
stage update,

- 9”h 1 (3 s Zi) = ;. (2.13)
where ¢y ; = tn_1 + hc;.
3. Sety, = zs.
4. If the method has an embedding, compute the embedded solution, ¢, by evolving the fast IVP

o'(t) = fF(t,0) +7#(t) for t€[to,tr] with (fy) = o (2.14)

and setting §,, = ¥(tr), and/or performing a standard explicit, diagonally-implicit, or additive Runge—Kutta
stage update,

Gn — OKS fL (i) = a. (2.15)

Whether a fast IVP evolution or a stage update (or both) is needed depends on the method family (MRI-GARK, MERK,
etc.). The specific aspects of the fast IVP forcing function (r; (¢) or 7(¢)), the interval over which the IVP must be evolved
([to,s» tF,i]), the Runge—Kutta coefficients (¢; ; and é), and the Runge—Kutta data (a; and a), are also determined by the
method family. Generally, the forcing functions and data, are constructed using evaluations of the slow RHS functions,
P and f!, at preceding stages, zj. The fast IVP solves can be carried out using any valid ARKODE integrator or a
user-defined integration method (see section §5.11.4).

Below we summarize the details for each method family. For additional information, please see the references listed
above.

2.7.1 MIS, MRI-GARK, and IMEX-MRI-GARK Methods

The methods in IMEX-MRI-GARK family, which includes MIS and MRI-GARK methods, are defined by a vector of
slow stage time abscissae, ¢ € R®, and a set of coupling tensors, ) € R(st1)*sxk and I € R(sH1)xsxE that specify
the slow-to-fast coupling for the explicit and implicit components, respectively.

ot

The fast stage IVPs, (2.12), are evolved over non-overlapping intervals [to i, tr:] = [t ;1,15 ;

tion v ; = 2z;—1. The fast IVP forcing function is given by

;] with the initial condi-

1
T’i( A S szd fE(tSJ? A S ZPYZ,J fI tS7J7 )

where Acf = (¢f —¢f ), 7= (t—t,

n,i—1
polynomials in time of degree k — 1 given by

)/(hs Ac?) is the normalized time, the coefficients w; j and ~; ; are

Wi,j(T)ZZQi,j,zTe_l and v ;(7 ZF”N - (2.16)

When the slow abscissa are repeated, i.e. Acy’ = 0, the fast IVP can be rescaled and integrated analytically leading to
the Runge—Kutta update (2.13) instead of the fast IVP evolution. In this case the stage is computed as

5=z 1+hSZ<Z ”")fE nir? hSZ<Z ””)f’(w 3)- (2.17)

£=1 {=1
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Similarly, the embedded solution IVP, (2.14), is evolved over the interval [fo, ] = [t;, ,_ ;. t,] with the initial condition
’Do = Zs5—1-

As with standard ARK and DIRK methods, implicitness at the slow time scale is characterized by nonzero values on
or above the diagonal of the k matrices in I". Typically, MRI-GARK and IMEX-MRI-GARK methods are at most
diagonally-implicit (i.e., I'; j o = O for all £ and j > ¢). Furthermore, diagonally-implicit stages are characterized as
being “solve-decoupled” if Ac; = 0 when I'; ;, # 0, in which case the stage is computed as a standard ARK or
DIRK update. Alternately, a diagonally-implicit stage i is considered “solve-coupled” if Ac? T'; ;¢ # 0, in which case
the stage solution z; is both an input to r;(t) and the result of time-evolution of the fast IVP, necessitating an implicit
solve that is coupled to the fast evolution. At present, only “solve-decoupled” diagonally-implicit MRI-GARK and
IMEX-MRI-GARK methods are supported.

2.7.2 IMEX-MRI-SR Methods

The IMEX-MRI-SR family of methods perform both the fast IVP evolution, (2.12) or (2.14), and stage update, (2.13)
or (2.15), in every stage (but these methods typically have far fewer stages than implicit MRI-GARK or IMEX-MRI-
GARK methods). These methods are defined by a vector of slow stage time abscissae ¢® € R?, a set of coupling tensors
Q0 € RGs+Dxsxk and a Butcher table of slow-implicit coefficients, I' € R(s+1)xs,

The fast stage IVPs, (2.12), are evolved on overlapping intervals [to;,tr;] = [tn_1,t5 ;] with the initial condition

]
n,i
V9,; = Yn—1. The fast IVP forcing function is given by
it
rit) = —5 > wi(r) (FE(t 5o 2) + £t 5 25)) 5 (2.18)

7 j=1

where 7 = (t — t,,)/(h5c;) is the normalized time, and the coefficients w; ; are polynomials in time of degree k — 1
that are also given by (2.16). The solution of these fast IVPs defines an intermediate stage solution, z;.

The implicit solve that follows each fast IVP must solve the algebraic equation for z;

Zi=Zi+h Y vt 5 2). (2.19)

Jj=1

We note that IMEX-MRI-SR methods are solve-decoupled by construction, and thus the structure of a given stage never
needs to be deduced based on Ac;. However, ARKODE still checks the value of 7i,i» since if it zero then the stage
update equation (2.19) simplifies to a simple explicit Runge—Kutta-like stage update.

The overall time step solution is given by the final internal stage solution, i.e., ¥, = z;. The embedded solution is
computing using the above algorithm for stage index s + 1, under the definition that ¢ 1 = 1 (and thus the fast IVP
portion is evolved over the full time step, [to, tr] = [th—1, tn])-

2.7.3 MERK Methods

The MERK family of methods are only defined for multirate applications that are explicit at the slow time scale, i.e.,
fT = 0, but otherwise they are nearly identical to IMEX-MRI-SR methods. Specifically, like IMEX-MRI-SR methods,
these evolve the fast IVPs (2.12) and (2.14) over the intervals [to;,tpi] = [tn,l,tf;i] and [o,tr] = [tn_1,tn)s
respectively, and begin with the initial condition v ; = y,—1. Furthermore, the fast IVP forcing functions are given by
(2.18) with fI = 0. As MERK-based applications lack the implicit slow operator, they do not require the solution of

implicit algebraic equations.

However, unlike other MRI families, MERK methods were designed to admit a useful efficiency improvement. Since
each fast IVP begins with the same initial condition, v ; = y,—1, if multiple stages share the same forcing function
r;(t), then they may be “grouped” together. This is achieved by sorting the final IVP solution time for each stage,
t5 ., and then evolving the inner solver to each of these stage times in order, storing the corresponding inner solver

n,i’
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solutions at these times as the stages z;. For example, the ARKODE_MERKS54 method involves 11 stages, that may
be combined into 5 distinct groups. The fourth group contains stages 7, 8, 9, and the embedding, corresponding to
the ¢ values 7/10, 1/2, 2/3, and 1. Sorting these, a single fast IVP for this group must be evolved over the interval

[t0,i,tFi] = [tn—1,tn], first pausing at t,_1 + %hg to store zg, then pausing at ¢, _1 + %hfb to store zg, then pausing
att,—1 + %hﬁ to store z7, and finally finishing the IVP solve to ¢,,_1 + hf to obtain ,,.
Note

Although all MERK methods were derived in [84] under an assumption that the fast function f¥'(¢, ) is linear in v,
in [47] it was proven that MERK methods also satisfy all nonlinear order conditions up through their linear order.
The lone exception is ARKODE_MERKS4, where it was only proven to satisfy all nonlinear conditions up to order
4 (since [47] did not establish the formulas for the order 5 conditions). All our numerical tests to date have shown
ARKODE_MERKS54 to achieve fifth order for nonlinear problems, and so we conjecture that it also satisfies the
nonlinear fifth order conditions.

2.8 SplittingStep — Operator splitting methods

The SplittingStep time-stepping module in ARKODE is designed for IVPs of the form

y=filt,y) + f2(t,y) + -+ fr(t,y), y(to) = Yo,

with P > 1 additive partitions. Operator splitting methods, such as those implemented in SplittingStep, allow each par-
tition to be integrated separately, possibly with different numerical integrators or exact solution procedures. Coupling
is only performed through initial conditions which are passed from the flow of one partition to the next.

The following algorithmic procedure is used in the Splitting-Step module:
1. Fort=1,...,rdo:
1. Setyn; = Yn—1.
2. Forj=1,...,sdo:
1. Fork=1,...,Pdo:
1. Let tsare = tn—1 + Bijkhn and teng = tr—1 + Bij+1,kRn.
2. Let v(tsart) = Yn.i-
3. Fort € [tsart, tena) SOIVe 0 = fi(t,v).
4. Set Yy, i = v(tend)-
2. Setyn = >0y QilYni

Here, s denotes the number of stages, while r denotes the number of sequential methods within the overall operator
splitting scheme. The sequential methods have independent flows which are linearly combined to produce the next
step. The coefficients o € R” and 3 € R"*(+1)*P determine the particular scheme and properties such as the order
of accuracy.

An alternative representation of the SplittingStep solution is
-

— g . P P-1 e 1 P . 1 e P e 1
yn - @ (¢71.3,Ph77, ° ¢’Y7;,5,P71hn 0 o ¢’Yi,s,1hn 0 qb'}"L,sfl,F’hn ° ° ¢"/i,s—1,1hn © © ¢'Y'L',1,Phn ° © ¢71,1,1hn> (yn_l)
=1

where v, j k. = Bij+1,k — Bi,jk is the scaling factor for the step size, h,,, and (bfm is the flow map for partition k:

k o ’U(tnfl) = Yn—-1,
¢hn (yn—l) - U(tn)v {’U _ fk(t,U).
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For example, the Lie-Trotter splitting [19], given by

Yn = Ln, (Yn-1) = (¢, 00" 00 i) (Yn-), (2.20)
is a first order, one-stage, sequential operator splitting method suitable for any number of partitions. Its coefficients are

alzl,

0 j=1
ﬁl,j,kZ{ J ; j=12 and k=1,...,P.
1 j=2

Higher order operator splitting methods are often constructed by composing the Lie—Trotter splitting with its adjoint:
Ly = L:}L" =¢p 0@ o0d . (2.21)

This is the case for the Strang splitting [120]
Yn = Sh, (Yn-1) = (LZ,L/z ° Lhn/2> (Yn—1), (2.22)

which has P stages and coefficients

0[1:].7
0 57=1
Bijek=<s1 j+k>P+1, j=1,...,P+1 and k=1,...,P.
% otherwise

SplittingStep provides standard operator splitting methods such as the Lie—Trotter and Strang splitting, as well as
schemes of arbitrarily high order. Alternatively, users may provide their own coefficients (see §5.12.3). Generally,
methods of order three and higher with real coefficients require backward integration, i.e., there exist negative ; ; »
coefficients. Currently, a fixed time step must be specified for the overall SplittingStep integrator, but partition integra-
tors are free to use adaptive time steps.

2.9 SPRKStep — Symplectic Partitioned Runge-Kutta methods

The SPRKStep time-stepping module in ARKODE is designed for problems where the state vector is partitioned as
p(t)]
t =
y( ) {q(t)
and the component partitioned IVP is given by

p:fl(t7q)7 p(tO) = Po

2.23
q:fQ(tvp)v q(to):qo ( )

The right-hand side functions f1 (¢, p) and f2(t, q) typically arise from the separable Hamiltonian system

H(t,p,q) =T(t,p) +V(tq)
where

oV (t,q)

fit,g) = ——7, fa(t,p) =

oT'(t,p)
Oq ’

dp

When H is autonomous, then H is a conserved quantity. Often this corresponds to the conservation of energy (for exam-
ple, in n-body problems). For non-autonomous H, the invariants are no longer directly obtainable from the Hamiltonian
[121].
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In practice, the ordering of the variables does not matter and is determined by the user. SPRKStep utilizes Symplectic
Partitioned Runge-Kutta (SPRK) methods represented by the pair of explicit and diagonally implicit Butcher tableaux,

C1 0 tee 0 0 él &1 R 0 0

Co | a1 0 s . 62 &1 &2

Cs | Q1 et Qg—1 0 és &1 &2 s fLS
ap -+ QAs—1 Qg ay a2 -+ Qs

These methods approximately conserve a nearby Hamiltonian for exponentially long times [59]. SPRKStep makes
the assumption that the Hamiltonian is separable, in which case the resulting method is explicit. SPRKStep provides
schemes with order of accuracy and conservation equal to ¢ = {1, 2, 3,4,5,6,8,10}. The references for these these
methods and the default methods used are given in the section §19.4.

In the default case, the algorithm for a single time-step is as follows (for autonomous Hamiltonian systems the times
provided to f; and f5 can be ignored).

1. Set Py = pn—1,01 = qn-1
2. Fori=1,...,sdo:
1. P,=Pi_q + hpa; f1(tn—1 + éihn, Qi)
2. Qiy1= Qi+ hnaifo(tn1+cihn, )
3. Setp, = Ps,qn = Qst1

Optionally, a different algorithm leveraging compensated summation can be used that is more robust to roundoff error at
the expense of 2 extra vector operations per stage and an additional 5 per time step. It also requires one extra vector to be
stored. However, it is significantly more robust to roundoff error accumulation [116]. When compensated summation
is enabled, the following incremental form is used to compute a time step:

1. Set APy =0,AQ: =0
2. Fort=1,...,sdo:
1. AP = APy + hpa; fi(th—1 + Cihn, gn—1 + AQy)
2. AQi1 = AQ; + hpaifa(tn—1 + cihn, pn1 + AP)
3. Set Ap, = AP, Aq, = AQs11
4. Using compensated summation, set p,, = pn—1 + APny @n = Gn-1 + Agn

Since temporal error based adaptive time-stepping is known to ruin the conservation property [59], SPRKStep requires
that ARKODE be run using a fixed time-step size.

2.10 Error norms

In the process of controlling errors at various levels (time integration, nonlinear solution, linear solution), the methods
in ARKODE use a weighted root-mean-square norm, denoted || - || wrwms, for all error-like quantities,

1 N 1/2
2
||UHWRMS = (N ; (’Ui wz) ) . (224)

The utility of this norm arises in the specification of the weighting vector w, that combines the units of the problem
with user-supplied values that specify an “acceptable” level of error. To this end, we construct an error weight vector
using the most-recent step solution and user-supplied relative and absolute tolerances, namely

w; = (RTOL - |yn—1,4| + ATOL;) ™. (2.25)
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Since 1/w; represents a tolerance in the i-th component of the solution vector y, a vector whose WRMS norm is
1 is regarded as “small.” For brevity, unless specified otherwise we will drop the subscript WRMS on norms in the
remainder of this section.

Additionally, for problems involving a non-identity mass matrix, M # I, the units of equation (2.2) may differ from
the units of the solution y. In this case, we may additionally construct a residual weight vector,

wi = (RTOL - |(M(ta—1)yu-1),| + ATOL) - (2.26)

where the user may specify a separate absolute residual tolerance value or array, ATOL’. The choice of weighting
vector used in any given norm is determined by the quantity being measured: values having “solution” units use (2.25),
whereas values having “equation” units use (2.26). Obviously, for problems with M = I, the solution and equation
units are identical, in which case the solvers in ARKODE will use (2.25) when computing all error norms.

2.11 Time step adaptivity

A critical component of IVP “solvers” (rather than just time-steppers) is their adaptive control of local truncation error
(LTE). At every step, we estimate the local error, and ensure that it satisfies tolerance conditions. If this local error
test fails, then the step is recomputed with a reduced step size. To this end, the majority of the Runge—Kutta methods
and many of the MRI methods in ARKODE admit an embedded solution ¥,,, as shown in equations (2.4), (2.8), and
(2.14)-(2.15). Generally, these embedded solutions attain a slightly lower order of accuracy than the computed solution
Yn. Denoting the order of accuracy for ¥, as ¢ and for ¢,, as p, most of these embedded methods satisfy p = ¢ — 1.
These values of ¢ and p correspond to the global orders of accuracy for the method and embedding, hence each admit
local truncation errors satisfying [57]

lyn = y(tn)ll = CRET + O(REF?),

7 (2.27)
[Gn — y(tn)ll = DREFT + O(RET?),

where C' and D are constants independent of h,,, and where we have assumed exact initial conditions for the step, i.e.
Yn—1 = Y(t,—1). Combining these estimates, we have

NYn — Gnll = lyn — y(tn) = Gn + yE) | < lyn — y(E) | + 190 — y(tn)ll < thfl + O(hﬁ+2)~

We therefore use the norm of the difference between y,, and ¥, as an estimate for the LTE at the step n
T = B (g = Gn) = Bl 3 | (0F = BF) 2t 20) + (o] = B) F1 (24 1,20)| (2.28)
i=1

for ARK methods, and similarly for ERK methods. Here, 8 > 0 is an error bias to help account for the error constant
D; the default value of this constant is 8 = 1.5, which may be modified by the user.

With this LTE estimate, the local error test is simply |7, || < 1 since this norm includes the user-specified tolerances.
If this error test passes, the step is considered successful, and the estimate is subsequently used to determine the next
step size, the algorithms used for this purpose are described in §2.11. If the error test fails, the step is rejected and a
new step size b’ is then computed using the same error controller as for successful steps. A new attempt at the step is
made, and the error test is repeated. If the error test fails twice, then h’/h is limited above to 0.3, and limited below to
0.1 after an additional step failure. After seven error test failures, control is returned to the user with a failure message.
We note that all of the constants listed above are only the default values; each may be modified by the user.

We define the step size ratio between a prospective step h’ and a completed step h as 7, i.e. n = h’/h. This value is
subsequently bounded from above by 7. to ensure that step size adjustments are not overly aggressive. This upper
bound changes according to the step and history,

etamxl1, on the first step (default is 10000),
Nmax = § growth, on general steps (default is 20),
1, if the previous step had an error test failure.
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A flowchart detailing how the time steps are modified at each iteration to ensure solver convergence and succe